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Abstract. We obtain global well-posedness, scattering, uniform regularity, 
and global L\ spacetime bounds for energy-space solutions to the defocus- 
ing energy-critical nonlinear Schrodinger equation mix M 4 . Our arguments 
closely follow those in 1111 . though our derivation of the frequency-localized 
interaction Morawetz estimate is somewhat simpler. As a consequence, our 
method yields a better bound on the L® I -norm. 



1. Introduction 

We study the following initial value problem for the cubic defocusing nonlinear 
Schrodinger equation in R x R 4 



(1.1) 



iu t 

u(0, x) = uq(x) 



where u(t, x) is a complex-valued function in spacetime Mj x K*. 
This equation has the Hamiltonian 

(1.2) E(u{i)) = J ^\Vu(t,x)\ 2 + ^\u{t,x)\ i dx. 

Since 1)1. 2fl is preserved by the flow corresponding to we shall refer to it as the 
energy and often write E(u) for E(u(t)). 

A second conserved quantity we will occasionally rely on is the mass \\u(t) ||| 2 
However, since the equation is L^-supercritical with respect to the scaling (see 
below), we do not have bounds on the mass that are uniform across frequencies 
(indeed, the low frequencies may simultaneously have small energy and large mass) . 

We are primarily interested in the cubic defocusing equation since it is 

critical with respect to the energy norm. That is, the scaling iihu a where 

(1.3) u A (t,aO:=~u(^), 

maps a solution to l|l.l|l to another solution to l|l.l|l . and u and u x have the same 
energy. 

It is known that if the initial data uq has finite energy, then 11.1(1 is locally well- 
posed (see, for instance |o]). That is, there exists a unique local-in-time solution 
that lies in C°£T* C\L® x , and the map from the initial data to the solution is locally 
Lipschitz in these norms. If in addition the energy is small, it is known that the 
solution exists globally in time and scattering occurs; that is, there exist solutions 
u± of the free Schrodinger equation (id t + A)u± — such that \\u(t) ~ u±(t)\\ ^ ± — » 
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as t — > ±00. However, for initial data with large energy, the local well-posedness 
arguments do not extend to give global well-posedness. 

Global well-posedness in H X (M. 3 ) for the energy-critical NLS in the case of large 
finite-energy, radially-symmetric initial data was first obtained by Bourgain (0, 
[Hj) and subsequently by Grillakis ^2- Tao [22! settled the problem for arbitrary 
dimensions (with an improvement in the final bound due to a simplification of the 
argument), but again only for radially symmetric data. A major breakthrough in 
the field was made by J. Colliander, M. Keel, G. Staffilani, H. Takaoka, and T. 
Tao in where they obtained global well-posedness for the energy-critical NLS 
in dimension n — 3 with arbitrary data. In dimensions n > 4, the problem was still 
open. 

The main result of this paper is the global well-posedness statement for (|1.1|) in 
the energy space, 

Theorem 1.1. For any uq with finite energy E(uq) < 00, there exists a unique 
global solution u £ C t °iT 4 PI L\ x to i|l.l|) such that 

(1.4) f f \u(t,x)\ 6 dxdt <C(E(u )) 

J -00 JR 4 

for some constant C(E(uo)) depending only on the energy. 

1.1. Outline of the proof of Theorem 11.11 We first notice that it suffices 
to prove Theorem 11.11 for Schwartz functions. Indeed, if one obtains a uniform 
Lf X (I x ]R 4 ) bound for all Schwartz solutions and all compact intervals /, one can 
approximate arbitrary finite-energy initial data by Schwartz initial data and use 
perturbation theory to prove that the corresponding sequence of solutions to p. 1(1 
converges in S' 1 (/ x K 4 ) to a finite-energy solution of (|1.1|) . See Sections 1.2 and 
2.1 for the notation and definitions appearing in the outline of the proof. 
For an energy E > we define the quantity M(E) by 

M(E) := sup IMIl^/xb 4 ), 

where / C M ranges over all compact time intervals, and u ranges over all Schwartz 
solutions to JOJ on / x M 4 with E{u) < E. For E < we define M(E) = 
since, of course, there are no negative energy solutions. Our task is to show that 
M(E) < 00 for all E. 

Let us note that by the small-energy well-posedness result discussed above, we 
know that M (E) is finite for E sufficiently small. We will assume for a contradiction 
that M(E) is not always finite. From perturbation theory (see Lemma 13.311 it 
follows that the set {E : M(E) < 00} is open. Since it is also connected and 
contains zero, there exists a critical energy < E cr u < 00 such that M(E cr i t ) = 00 
but M(E) < 00 for all E < E cr i t . From the definition of E cr ; Lt and the Lf x well- 
posedness theory (see Section 3 for details) we get: 

Lemma 1.2 (Induction on energy hypothesis). Let to e R and let v(to) be a 
Schwartz function with E(vq) < E cr i t — r\ for some r\ > 0. Then there exists a 
global Schwartz solution v of 1(1.1(1 on M x M 4 with initial data v(to) at time to, 
such that 

IML? x (RxR4) < M(E crit - 77). 

Moreover we have 

IMUi(RxR4) < C (E crit , M (E crit - V)) ■ 
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We will need a few small parameters for the contradiction argument (albeit two 
less than were necessary in [H]). Specifically we will need 

1 > 770 > m > t]2 > 773 > 7/4 > 

where each rjj is allowed to depend on the critical energy and any of the larger 
?7's. We will choose rjj small enough that, in particular, it will be smaller than any 
constant depending on the previous 77's used in the argument. 

As M(E cr it) is infinite, given any 774 > there exist a compact interval /» Cl 
and a Schwartz solution u to on /» x R 4 with E(u) < E c rit but 

(1-5) IklUf^c/.xB 4 ) > !A?4- 

Note that we may assume E(u) > \E cr i tl since otherwise we would get 

IMIl? x (/»xR4) < M(-E cHt ) < 00 

and we would be done. 

This suggests we make the following definition. 

Definition 1.3. A minimal energy blowup solution of is a Schwartz solution 
u on a time interval 7* C M with energy 

(1-6) l -E crlt < E{u{t)) < E cHt 

and huge L\ ^.-norm in the sense of l|1.5fl • 

Note that (|1.6|) implies the kinetic energy bound 
( L7 ) W u \\l^hI(i,x^) ~ !. 

while from Sobolev embedding we obtain a bound on the potential energy, 

(1-8) \H\L?Li(I t xR*) ^ I- 

In Sections 2 and 3 we recall the Strichartz estimates and the perturbation theory 
we will use throughout the proof of Theorem ll.il Many of the ideas of these sections 
have been previously developed, and in a few cases we content ourselves with citing 
the relevant source (e.g., Lemmas 12.21 and 12 . 3JI . 

We expect that a minimal energy blowup solution should be localized in both 
physical and frequency space. For if not, it could be decomposed into two essen- 
tially separate solutions, each with strictly smaller energy than the original. By 
Lemma fl. 21 we can then extend these smaller energy solutions to all of 7*. As each 
of the separate evolutions exactly solves (|1.1|1 . we expect their sum to solve (|l.l(l 
approximately. We could then use the perturbation theory results and the bounds 
from Lemma H~2*l to bound ||w||l? x in terms of 770,771,772, and 773, thus contradicting 
the fact that 774 can be chosen arbitrarily small. 

This intuition will underpin the frequency localization argument we give in Sec- 
tion 4. The spatial concentration result follows in a similar manner, but is a bit 
more technical. For instance, we restrict our analysis to a subinterval Iq C I„ and 
will need to use both frequency localization and the fact that the potential energy 
of a minimal energy blowup solution is bounded away from zero. 

In Section 5 we obtain the frequency-localized Morawetz inequality (j5.1|l . which 
will be used to derive a contradiction to the frequency localization and spatial 
concentration results just described. 
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A typical example of a Morawetz inequality for 11.1(1 (see ^3) is the bound 

14 

1^A+ < =„n IL./'+MI 2 . 

1/2(R4)> 



I r K^r^ t < sup||u(t)l|2 

J/Jri \x\ tei 



for all time intervals / and all Schwartz solutions u : I x K 4 — > C. 

This estimate is not particularly useful for the energy-critical problem since the 
Hx^ 2 norm is supercritical with respect to the scaling (|1.3|) . To get around this 
problem, Bourgain and Grillakis introduced a spatial cutoff obtaining the variant 

Mffi^ daaft < A\I\ l ' 2 E{u), 

\x\<AWJ 2 PI 

for all A > 1, where |/| denotes the length of the time interval /. While this esti- 
mate is better suited for the critical NLS (it involves the energy on the right-hand 
side), it only prevents concentration of u at the spatial origin x — 0. This is espe- 
cially useful in the spherically-symmetric case u(t, x) = u(t, \x\), since the spherical 
symmetry combined with the bounded energy assumption can be used to show that 
u cannot concentrate at any location but the spatial origin. However, it does not 
provide much information about the solution away from the origin. Following 11 , 
we circumvent this problem by using a frequency-localized interaction Morawetz 
inequality. 

While the previously mentioned Morawetz inequalities were a priori estimates, 
the frequency- localized interaction Morawetz inequality we will develop is not; it 
only applies to minimal energy blowup solutions. Our model in obtaining the 
frequency- localized interaction Morawetz estimate is However, our argument 
is not as technical as theirs, lacking the need for spatial localization. It is this 
simplification that will yield an improvement in the final bound on the L\ ^,-norm. 

A corollary of 1(5. lj) is good L\ x control over the high-frequency part of a minimal 
energy blowup solution. One then has to use Sobolev embedding to bootstrap this 
L\ x control to L\ x control. However, one needs to make sure that the solution is 
not shifting its energy from low to high frequencies causing the L\ I -norm to blow 
up while the L\ I -norm stays bounded. This is done in Section 6, where we prove a 
frequency-localized mass estimate that prevents energy evacuation to high modes. 
We put all these pieces together in Section 7 where the contradiction argument is 
concluded. 

In Section 8 we comment on the tower bound we get on the L\ ^.-norm in Theorem 
11.11 and we show how this bound yields scattering, asymptotic completeness, and 
uniform regularity. 

As will certainly become clear to the reader, our paper relies heavily on the 
arguments developed in |llj . One should note a few differences though, mainly 
related to the Strichartz norms and the frequency-localized interaction Morawetz 
inequality. While it is true that in higher dimensions one has more Strichartz 
estimates, we lack control over LfL^ (for which one gets a logarithmic divergence). 
This turns out not to be a problem most of the time, since the triangles in which the 
low- and high-frequency parts of the minimal energy blowup solution live are large 
enough in four dimensions. (Indeed, by Bernstein, the low-frequency portion of the 
solution has finite spacetime norm for every L\L q x in the closed triangle with vertices 
L 2 L^°, L^°L X , and Lf^, except for the vertex L^L^. By interpolation, the high- 
frequency portion has finite spacetime norm for every L\L q x in the closed triangle 
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with vertices L\ x , Lf L^., and LfL\.) However, when it comes to controlling the 
error terms generated by the frequency localization in the interaction Morawetz 
inequality, we have to do something different. While in the authors strive 
to gain better control on low frequencies, we will use multilinear operator theory 
(specifically a theorem of Coifman and Meyer [H], [7]) to gain control over the 
high frequencies. Being able to control the high frequencies in L\ x will save us 
from having to localize the interaction Morawetz inequality in space as well. As a 
consequence, our argument is somewhat simpler and it yields a smaller tower bound 
on the L\ ^,-norm. 

Acknowledgments: We thank Terence Tao for valuable comments on this 
paper and explanatory details related to jll) . 

1.2. Notation. We will often use the notation A < Y whenever there exists some 
constant C, possibly depending on the critical energy but not on any other pa- 
rameters, so that A < CY. Similarly we will use X^Y\iX<Y<X. We 
use X <C Y if X < cY for some small constant c, again possibly depending on 
the critical energy. We will use the notation X+ := X + e, for some < e -C 1; 
similarly X— := X — e. We also use the notation (x) := (1 + l^l 2 ) 1 / 2 . 
We define the Fourier transform on M 4 to be 

/(0 ■= I ' 2 .<•>/.<•. 

JR 4 - 

We will make frequent use of the fractional differentiation operators | V| s defined 

by 

These define the homogeneous Sobolev norms 

II/IIh S := IIIvIVIIl^). 

Let e ltA be the free Schrodinger propagator. In physical space this is given by 
the formula 

while in frequency space one can write this as 

(1.9) ^f(0 = e-^iei 2 /^)- 

In particular, the propagator preserves the above Sobolev norms and obeys the 
dispersive inequality 

(1-10) \\e ltA f\\ Lr ^)< \t\- 2 \\f\\ L ^) 

for all times t. We also recall Duhamel's formula 

(1.11) u(t) = e l(t ~ to)A u(t Q ) - i f e^ t - s)A {iu t + Au)(s)ds. 

We will use the notation 0(A) to denote a quantity that resembles A; that is a 
finite linear combination of terms that look like A, but possibly with some factors 
replaced by their complex conjugates. For example we will write 

3 

(1.12) \u + v\ 2 (u + v) = ^0(wV- J '). 

3=0 
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We will occasionally use subscripts to denote spatial derivatives and will use the 
summation convention over repeated indices. 

We will also need some Littlewood-Paley theory. Specifically, let ip(£) be a 
smooth bump adapted to the ball |£| < 2 equalling one on the ball |£| < 1. For 
each dyadic number N G 2 Z we define the Littlewood-Paley operators 

Q(6 := <P(Z/N)f(0 

Similarly we can define P<n, P>n, and Pm< <n '■= P<n — P<m, whenever M and 
N are dyadic numbers. We will frequently write /<at for P<n f and similarly for 
the other operators. 

The Littlewood-Paley operators commute with derivative operators, the free 
propagator, and the conjugation operator. They are self-adjoint and bounded on 
every LP and H B space for 1 < p < oo and s > 0. They also obey the following 
Sobolev and Bernstein estimates 

\\P>N.f\\L P < N- s \\\V\ S P> N f\\ LPl 
\\\V\ S P<Nf\\L P <N s \\P< N f\\ LP , 

\\M ±s P N f\\ LP ~N ±s \\P N f\\ LP , 

\\P<Nfh< <N>-l\\p< N f\\ L p, 
WPn/Wl* <N$-!\\p N f\\ LP , 

whenever s > and 1 < p < q < oo. 

For instance, we can use the above Bernstein estimates and <|1.7|) to bound the 
mass of high frequencies 

(1.13) \\P>Mu\\ L 2 m < i- for all M G 2 Z . 



2. Strichartz numerology 

In this section we recall Strichartz and bilinear Strichartz estimates in R x K 4 
and develop trilincar Strichartz estimates. 
We use L\ I7 X to denote the spacetime norm 

with the usual modifications when q or r is infinity, or when the domain Ixl 4 
is replaced by some smaller spacetime region. When q — r we abbreviate L\L r x by 

2.1. Linear and bilinear Strichartz estimates. We say that a pair of exponents 
(q, r) is admissible if - + j = 2 and 2 < q, r < oo. If / x M 4 is a spacetime slab, we 

define the S°(I x M 4 ) Strichartz norm by 

(2- 1 ) IMU°(JxR4) : = SU P(X1 H PArU Hi?LS(/xR4)) 1/2 

JV 
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where the sup is taken over all admissible pairs (q, r). For k = 1,2 we define the 
S k (I x R 4 ) Strichartz norm by 

IMl5 fc (/xR 4 ) : = ll^^lls^/xB 4 )- 

We observe the inequality 
(2.2) ||(^ |/aH 2 ) 1/2 L^(,x R *) < (£ II/^III ? lj(/x R4 )) 1/2 

AT JV 

for all 2 < g,r < oo and arbitrary functions /at, which one proves by interpolating 
between the trivial cases (2,2), (2, oo), (oo, 2), and (oo, oo). In particular, (|2.2() 
holds for all admissible exponents (q, r). Combining this with the Littlewood-Paley 
inequality we find 

IMIl?l-(/xr4) ^ II E \ p nu\ 2 ) 1/2 \\l^l-(ix^) 

N 

<(En p ^iiWx R 4)) 1/2 

AT 

~ IMIs^/xB 4 )' 

which in particular implies 

(2-3) l|Vu|| i?L r (/xK 4 ) < |M|<jl (/xR 4). 

In fact, by (|2.3|) and Sobolev embedding the S 1 norm controls the following 
spacetime norms: 

Lemma 2.1. For any Schwartz function u on I x R , we have 

(2.4) ||Vu|| ir£S + ||V U || i?L i2/5 + ||V U || L 4 L B/ 3 + HVtiHi^ + ||Vu]] ifi 4 

+ IMUfi.* + \\ u hl x + IMIl 4 l| + IMIl?z,i2 ^ \\u\\si 

where all spacetime norms are on I x R . 

One has the following standard Strichartz estimates (see for instance 16 ): 

Lemma 2.2. Let I be a compact time interval, and let u : I x R 4 — » C be a 
Schwartz solution to the forced Schrodinger equation 

M 

iu t + Au = 2J Fm 

m— 1 

/or some Schwartz functions Pi, ... , i*M- TTien we /iai>e 

(2.5) ||u|U, (/xR .) < lk(io)||^ (R4) + £ II^IL^^) 

/or anj/ integer k > 0, any time to £ I, and any admissible exponents (gi,ri), . . . , 
{q-rmTm), where as usual p' denotes the dual exponent to p, that is l/p+ X/p' = 1. 

We also recall without proof the bilinear Strichartz estimates which were ob- 
tained in JI] (see their Lemma 3.4): 
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Lemma 2.3. Let n > 2. For any spacetime slab I x K n , any to G /, and any S > 0, 

we have 

(2.6) |MIl2 x (/xR") < C(S)(\\u(t )\\^-i/2+s + \\(idt + A)u\\ Ll ^- 1/ 2 + s {IxRn) ) 

x(||t;(to)||.^_ s + ||(^ + AH ^ ). 

2.2. TVilinear Strichartz estimates. We will also need the following estimate: 

Lemma 2.4. For k = 0, 1, 2, any sZafr / x R 4 , and any smooth functions V\, t>2, «3 

on this slab, we have 

(2.7) 

\\y k <Z>{viv 2 v 3 )\\ L i L 2 < llWallsfcnii^llubllgillucllij^ll^ll^llwcll^), 

{a,6,c} = {l,2,3} 

where all spacetime norms are on I xl 4 . Similarly we have 
(2.8) 

3 

||V0( Ult ; 2U 3)|| L?i 4/ 3 < ^ \\Vv a \\ L e Ll 2 /5 \\v b \\ Ll J\l' c \\ L e x < J[ 

{a : b,c} = {l,2 : 3} j=l 

Proof. First consider the k — case of (12 .711 . The claim follows from l|2.4|l estimat- 
ing 

\\0(ViV 2 V 3 )\\ L i L 2 < 1 1 1 1 X,»i,4 II f 2 II if || «3 1| m - 
Applying the Leibnitz rule we see that the case k = 1 reduces to obtaining estimates 
of the form 

\\0((VVi)v 2 V 3 )\\ L l L 2 < 1 1 V«l || ifi* 1 1 «2 1| if ii» 1 1 "3 1 1 if, „ - 

The lemma again follows from 1)2. 4JI . The k = 2 case of (12 .7|) proceeds similarly 
using estimates such as 

||0((V 2 Ul)u 2 U3)||iii2 < ||V 2 Ul|| i?I ,4||w2||i3l,i2||w3||if ia , 

and 

||0((V«i)(V«a)t;3)|| £ i^ < llVuill^llV^II^Huall^. 
Finally, the estimate 12.8(1 follows from l|2.4fl and Holder's inequality, 

||0((V Wl > 2W3 )|| L?L 4/3 < ||V«i|| 1 .a Ji »/«||«2||iS i J|«3|U«.- 

□ 

The following is a variant of the above lemma adapted to the case where some 
factors are high frequency and others are low frequency. 

Lemma 2.5. Suppose v^i and vi Q are functions on I x R 4 such that 
\\ v hi\\s« + M id t + &)vm\\l\li ~ eK 

IK-llsx + llvCiat + AKiH^^^ 

\\v lo \\si + \\V{id t + &)v lo \\ LlLl <K 

\\v lo \\g 2 + \\V 2 (id t + A)v lo \\ L i Ll < eK 

for some constants K > and < e <C 1 (where all spacetime norms are on 
I x Mr). Then for j = 1, 2 and any < 5 -C 1, me ftave 

l!V0K^')ll L? ^(/x R4 )^^ 2 ^ 3 - 
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Remark 2.6. The importance of this lemma lies in the gain of e 1 ^ 26 . The S° 
bound effectively restricts Vm to high frequencies; similarly the S 2 bound restricts 
vio to low frequencies. Comparing the conclusion with l|1.12[) we see that the com- 
ponents of the nonlinearity in arising from the interaction between high and 
low frequencies are rather weak. While this will be especially important for the 
frequency localization result (Proposition I4.4fl , the idea of controlling frequency 
interactions will appear repeatedly. 

Proof. Throughout, all spacetime norms will be in / x R 4 . We begin by normalizing 
K = 1. By Leibnitz we have 

Consider the first term. By Holder we can bound this by 

II Vu io || iri 4 IKiH^ IKill^jJMI^j < hiohihhtllsohhzll^hioff^ 

\e 2 . 

Now consider the second term for the case j = 2. We can bound 

\\&{v hl Vl Vv h/l )\\ L 2 L 4/3 < WVv hi \\ L 2 L i\\v lo \\ L ^J\v hl \\ LrL 2 

< \\vhi\\si\\vio\\L~J\Vhi\\so- 

Decomposing vi = ^2 N PnVi and using Bernstein we get 

IWk- £ (£ \\PNV lo \\l~f /2 < (£ \\^PNVio\\l rLi ) 1/2 < \\v lo \\ s2 . 

N N 

Hence, we obtain the bound 

\\0(vhiVioVvhi)\\ L3L 4/3 < \\vhi\\sA\ v lo\\s 2 \\ v hi\\s° < e 2 
which is acceptable. 

Finally consider the second term for the case j = 1. We split the vi a terms 
dyadically and use Holder to bound 

l|0(«?oV« M )|| £ 2 L y3 < £ \\0((P Nl vio) (P N2 vi )Wv hi ) || i?i 4/ 3 

N!>N 2 

< £ \\0{{PN 2 Vlo)Vv hi )\\ Ll J PNiVIo\\l°°L*- 
Ni>N 2 

Now HPjVi^olUf l% ^ ll«io|lsi < 1, while by Bernstein, 

\Pn x v Xo \\ ltl% < N^\\P Nl Vv lo \\ LTLi < N^\\v lo \\g 2 < sJVf 1 . 

So \\P Nl v lo \\ Lr L4 <min(l,e^ 1 - 1 ). 
By Lemma 12.31 we have 

\\&{{PN 2 Vlo)Vv hl )\\ L2t !c < (||V« M (*d)||fl--i/a+« + ||(^+A)Vu W || I ^-i/2 +5 ) 

X (11^^2^0^0)11^3/2-5 + ||(«? t + A)P N2 Vl II L 1 fi3/2-s). 

By interpolation we can bound 

l|V«fci(*o)||^-i/a+f + \\(id t + A)Vv hi \\ LlA -i/2 +s <e 1/2 - 5 , 
while by Bernstein and the S 1 and S 2 bounds we have 

\\PN 3 vio(ta)\\jj3/3-« + \\(id t + A)FAr 2 w; || Ll ^ 3 /2- a < min(iV 2 1/2 ~' 5 ,e^ 1/2_ ' 5 ). 



10 



E. RYCKMAN AND M. VISAN 



Putting these together we see that 

l|0(«? o Vi> W )|| £?i */3 < £ e 1 ^- s rmn{l,eN^)rmn{Nl /2 -\eN^ ,2 - S ). 

N ± >N 2 

We break the right-hand side term into three sums 

E = E + E + E =i+ii+m 

JVi>AT 2 ATi>Ar 2 >£ N 1 >e>N 2 e>N ± >N 2 

which we bound as follows 

I = ]T e^ 2 - s eN^eN- 1/2 - s < f 1 ' 26 

Ni> N 2 > e 

11= J2 s^eN^N 1 ^ 2 - 6 < e 1 - 25 

N!>E>N 2 

111= ]T e 1 ' 2 - 5 ^' 2 - 8 < e 1 - 25 . 

e>N 1 >N 2 

The lemma follows. □ 

3. Perturbation Theory 

As mentioned in the introduction, the Cauchy problem for is locally well- 
posed in ij^(R 4 ). Indeed, this well-posedness extends to any interval where one has 
uniform control of the L^-norm (see Lemma [3.61 below ). This section describes 
variants of the local well-posedness theory. In particular we will be interested in 
when we can perturb a solution (or near-solution, see Ij3.1|l below) in the energy 
norm when we can control the solution in L\ x and the error in a dual Strichartz 
space. 

As a first step, we consider the case where the near-solution, the error, and the 
free evolution of the perturbation are small in spacetime norms, but allowed to be 
large in the energy norm. 

Lemma 3.1 (Short-time perturbations). Let I be a compact time interval, and let 
u be a near-solution to on L xl in the sense that 

(3.1) {id t + A)u= \u\ 2 u + e 

for some function e. Suppose that we also have the energy bound 

(3-2) l|fi|Lc.*i(/ X R*) < E 

for some E > 0. Let to G / and let u(to) close to u(to) in the sense that 
(3.3) K*o)-«(fo)|lai <E' 

for some E' > 0. Assume also the smallness conditions 



(3.4) 


II v "IIl?l^(/x 


R 4 ) — ^ 


(3.5) 


\\Ve^ A (u(t )-u(t ))\\ L6tLl y 5(Ix 


< F 
R 4 ) - t 


(3.6) 


H Ve llL?L^ 3 (/x 


< F 
R 4 ) - t 



for some < e, 6 < Fq, where Eq = Fq(E, E') is a small positive constant. 
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Then there exists a solution u to on I x M 4 with the specified initial data 

u(to) at to satisfying 

(3-7) \\u - u\\ L e h ji xM ^ < s 

(3.8) h-u\\sx (IxRi) <£ + E' 

(3-9) NIsm/xR*) £ E' + E 

(3.10) ||V[(ifit + A)(u -u) + e] || L?L 4/3 (/xR4) < e. 

Remark 3.2. Notice that 

m < \\e^- to)A (u(t ) - u(t ))\\s HIxRi) < ||u(to) ~ fi(*o)||flj < E', 
so ()3.5j) is redundant if I?' = 0(e). 

Proof. By the well-posedness theory it will suffice to prove ()3.8|) - H3.10[) as a priori 
estimates, that is, we will assume that the solution u already exists and is smooth 
on /. Without loss of generality we may assume that t > to, since the proof on the 
t < to portion of I is similar. 

Let v :— u — u, and for t £ I define 

S(t) := \\W[(id t + A)v + e] || i?i y3 ([t0it]xR1) . 
By Lemma E21 <|3-5[) . and (jH.6f) we get 

(3.11) HV«|| i?ii v 5([t0 , i]xR4) < l|V e l(t - to)A «(to)|| L a ii2 /. ([t0it]xR4) 

+ \\y[{id t + A)v + e] |L ?i 4/3 ([to)t]xa4) 
+ H Ve ll J L2 jL 4/ 3([i ^ t]xK4) 
< S(t) + e. 
By Sobolev embedding, (|3.11l) yields 

(3-12) ||«IU? i .([t ,t]xB*) £ H Vw llL ? L^ 5 ([ t0 ,t]xR4) £ + £ - 

On the other hand, since 

3 

(iSt + A)v =\u + v\ 2 (u + v)- \u\ 2 u - e = V" 0(v j u 3 ~ j ) - e 

3 = 1 

we get 

5(t)<||V^0(^^)|| i?i4/ 3 ([tot]xR4) . 

3=1 

Using the trilinear Strichartz estimate l|2.8(l together with (|3.4|l , (|3.11() , and l|3.12[l , 

one estimates 

S(t) <e+(E + e + S)S(t) 2 + S(t) 3 . 

A standard continuity argument shows that if we take eo = Eo{E,E') sufficiently 
small we obtain 

(3.13) S(t) < e 
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for all t £ I, which implies (|3.10|1 . Using (|3.12|1 and (|3.13|1 , one easily derives l|3.7j) • 
To obtain (|3.8|1 . we use Strichartz's inequality: 



\ u - «IUi(ixK*) ~ IK*o) - u(to)\\Hi + || V[(iSt + A)« + e] || L 2 L 4/3 (/xR4) 

|Ve| lL?it /3 (/xE*) 



< i?' + e. 

By the triangle inequality, l|3.4[) and l|3.7[) imply ||u||ie (j x r 4 ) < e + <5. An applica- 
tion of Strichartz's inequality yields 

IMUi(/xR4) £ IK*0)||jji + H V (l U | 2u )llL?Ly 3 (/xR4) 

£ ll«(*o)||ffi + ll«(*o) -u(*o)Hhi + hlli^CZxK^hllsH/xR*) 

<^ + J B' + (e + J) 2 ||u||s 1(ZxK4) , 
which proves l|3.9[l . provided £o is chosen sufficiently small depending on E and 

We will also need the following version of the above lemma that deals with 
near-solutions with large but finite L\ ^,-norms. 

Lemma 3.3 (Long-time perturbations). Let L be a compact time interval, and let 
u be function on I xl that obeys the bounds 

(3-14) ||«IUf.(ixB*) < M 



(3.15) II^IL°=Ki(j X R*) ^ E 

for some M,E > 0. Suppose also that u is a near-solution to in the sense of 

(13.111 for some function e. Let to £ I and let u(to) close to u(to) in the sense that 

(3.16) Kto)-«(to)||fl-i <E' 
for some E > 0. Assume also the smallness conditions 

(3-17) HVe^-'^Kto) - u(to))\\ L6tLl 2 /5{Ixm < e 

(3.18) HV e || L?i V3 (/xR4) <e 

for some < e < e±, where e\ = £i(E, E' , M) is a small positive constant. 

Then there exists a solution u to l|l.l|l on L x R 4 with the specified data u(to) at 
to satisfying 

(3.19) ||u - u|U. b(IxR *) < C(E, E', M)e 

(3.20) h-ti\\smx^) <C(E,E',M) 

(3.21) \\ U \\^ Ixm <C(E,E',M). 

Remark 3.4. The same computation as in Remark 3.1 shows that assumption 
(|3.17|l is redundant if one assumes E' = O(e). Also notice that if we take e = the 
lemma implies local well-posedness in the energy space whenever the L\ I -norm is 
finite. 
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Proof. Without loss of generality we may assume to — inf /. Let eo = £o(E,2E') 
be as in the previous lemma (we must replace E' by IE' because the kinetic energy 
of u — u will grow in time). 

We first note that l|3.14[) implies u 6 S' 1 (/ x R 4 ). Indeed, subdividing / into 
Nq ~ (1 + |^) 6 subintervals Jk such that on each Jj, we have 



H"llLS x (J fc xR 4 ) < £0, 

and using Lemma 12.21 and Lemma 12.41 we estimate 

ll«llAi(J»xR*) ~ ll«(*o)llj£ + H V (l G | 2s )lli|i^ 3 (j fc xM*) 

< # + IMIl? x (J fc xR4)ll u llsi(,/ fc xR 4 ) + e 

<E + s 2 Q \\u\\g 1{JkXRi) +e. 
Thus, for e sufficiently small, this yields 

INIsHJfcXR*) i$ E + £ - 
Summing these bounds over all the intervals Jk we obtain 

ll«lls(i(ixK*) ^ C(M,E,e ), 
which also implies by Lemma l2.1l that 

II V "Hl?l^ 5 (/xR4) < C(M,E,e ). 

We can now subdivide / into N% = N\{M, E, eo) subintervals Ij = [tj, tj+x] such 
that on each Ij we have 

HwlUsjjjxB 4 ) < £ o- 

Choosing e\ sufficiently small depending on eo,Nx,E, and E', Lemma \'6. II implies 
that for each j and all < e < ex, 

\\ u ~ wlUf^^xB*) < C(J> 

h-uWs^ijx^) <C(j){e + E') 

Msm^) <c(j)(E' + E) 

||V[(tft + A)(« - u) + e] || i?L 4/3 (J . xK4) < C(j)s, 

provided we can show that and (|3 . 1 7|) hold when to is replaced by tj. We 

check this using an inductive argument. By Strichartz we have the bounds 

IK*i+l) < ||u(t ) -w(*o)||jji + ll Ve ll L 2 i 4/3 (/xR4) 

+ \\V[(id t + A)(« -u) + e] || £?£; /8 ([t0jtj+i]xR4 j 

3 

<E' + J2 C ( k ) £ 

k=0 
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and similarly 

|| Ve «t-t J+1 )A (u(tj+l) _ u(t j+1 ))\\ L6tLlV s (IxR4) 

< \\Ve^ A (u(t )-n(t ))\\ LUl2/5(IxRi) + \\v4 L z L *j* (Ixm 

+ \\V[(id t + A)(« - u) +e] || i | L 4/3 ([io , 4 . +l]xR 4 ) 

where C(fc) depends on k,E,E' , and Eq. Choosing Si sufficiently small depending 
on £o, Nx, E, and E' , we can continue the inductive argument. □ 

Remark 3.5. The dependence of E\ on the parameters M, E, and E' is extremely 
bad. Specifically, £i(M, E, E') « exp(-A/ c (E) c {E') c ). Since we'll use this lemma 
frequently, the bounds in Theorem If . II will grow quite rapidly in E. For remarks 
on the final bound see Section 8. It is of some interest to determine better bounds 
for the theorem, but for us it will suffice that they remain finite. 

We'll also need the following related result concerning the persistence of L 2 , H^, 
and H 2 regularity. 

Lemma 3.6 (Persistence of regularity). Let k = 0,1,2, I a compact time interval, 
and u a finite- energy solution to i|I.I|) obeying 

IMIlsj/xr*) < M- 

Then if to £ I and u(to) 6 H^, we have 

(3.22) Hli*(ixKS < C(M,E(u))\\u(t )\\^. 

So once we have L\ control of a finite-energy solution, we control all Strichartz 
norms as well. If the initial data is H 2 then we also control the S^-norm. By 
iterating, we can continue a local-in-time solution to any interval on which we have 
uniform control of the L\ ^,-norni. 

Proof. Again it suffices to prove l|3.22[l as an a priori bound. Let u = u, e = 0, and 
E' = and apply Lemma fc. 31 to get 

\Wh H i xm <C(M,E). 

By H2.7fl we also have 

(3.23) l|V fe 0(u 3 )|| i i L 2 (/xR 4 ) < \\u\\ L 6 AIxRi) \\u\\g k{IxRi) \\u\\g 1(IxRi) . 

Now, divide I into N w (I + ^f) 6 subintervals Ij = [Tj,T j+1 ] on which 

IMIz^C^XR*) < S 

where 5 will be chosen later. On each Ij Strichartz and (|3.23|) yield 

Il u b*(/ JX R*) - II m ( t j)II^(r4) + l|V fe (|u| 2 u)|| i ii / 2 (/j><R 4 ) 

^ ll M C^')llfl-*(R-4) + II u IIl? iX (/ 3 xr 4 )II u IIs''=(7xr 4 )II w IIs i (/xr 4 )- 

So choosing 5 < \C{M, E)- 1 we get 

( 3 - 24 ) \\ u \\shi 3 xr*) ~ \H t j)\\h*(r*)- 

The lemma follows from adding up the bounds (|3.24l) on each subinterval. □ 
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4. Frequency Localization and Space Concentration 

Recall from the introduction that we expect a minimal energy blowup solution 
to be localized in both frequency and space. In this section we will prove that this 
is indeed the case (we will not actually prove that the solution is localized in space, 
just that it concentrates; see the discussion after the proof of Corollary 14.4(1 . The 
first step is the following proposition: 

Proposition 4.1 (Frequency derealization => spacetime bound). Let u be a so- 
lution to <|1.1|) on x ]R with E(u) < E cr n . Let r\ > and suppose there exist a 
dyadic frequency Ni a > and a time to £ I* such that we have the energy separation 
conditions 

(4-1) \\P<N lo u{to)\\iii > V 

and 

(4-2) \\P>K(n)N lo u(to)\\^>V- 
If K(rj) is sufficiently large depending on rj we have 
(4-3) HIl«.(i.xr«) < Cfa). 

Proof. Let < e — e{rj) <C 1 be a small number to be chosen later. If K{rj) is 
sufficiently large depending on e (K(rf) needs to be of the order e~^ E )), then one 
can find e~ 2 disjoint intervals [e 2 Nj,e~ 2 Nj] contained in [N io , K(rj)Ni ]. By (|1.7(l 
and the pigeonhole principle, we may find an Nj such that the interval [e 2 Nj,e~ 2 Nj] 
has very little energy 

H- P £ 2 7V J <-<£- 2 JV J u ( i o)||ffi <£■ 

Since both the statement and conclusion of the proposition are invariant under the 
scaling l|1.3|) . we normalize Nj = 1. 

Define Ui (to) := P< £ u(to) and Uhi{to) = P> e -iu(to). We claim that Uhi and ui a 
have smaller energy than u. 

Lemma 4.2. If s is sufficiently small depending on r\, then we have 

E(ui o (t )), E(u h i{ta)) < E crlt - ci] c . 

Proof. We'll prove this for ui ; the proof for Uhi is similar. Define Uhi>(to) := 
P >e u(to) so that u(to) = ui (to) + u^ito), and consider the quantity 

(4.4) \E(u{t )) - E(u lo (t )) - E{u hi ,{t ))\. 
By the definition of energy we can bound this by 

(4.5) | <V«io(t ), V« M ' (*o)> | + I / (K*o)| 4 - K(io)| 4 - |itw'(to)| 4 )<ftc|. 
We deal with the potential energy term first. By the pointwise estimate 

IKMI 4 - \uio{t a )\ 4 - \u hl ,(t )\ 4 \ < K(t )||u W /(*o)|(ho(*o)| + K t '(MI) 2 

and Holder, we can bound the potential energy term in 14. 5f) by 
(4-6) \\ui o (t )\\ L ^\\u hl/ (t Q )\\ L 2(\\ui o (t )\\ L i + \\u hi ,(t )\\ L 4) 2 . 

An application of Bernstein yields 

lho(*o)lk« ^ 4 u lo(to)\\ L i < 4 u Io\\hi < £• 
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Similarly 

l|uw(*o)IUj £ E \\PNu(t a )\\ L 2 < N-'WPnu^Whi 

N>e N>e 

< N ~ 1+ J2 N- X e<e 2 + e{l/e-e 2 ) 

N>l/e 2 e<N<l/e 2 

< 1- 

Thus gSJ < E. 

Now we deal with the kinetic part of Ij4.5|) ■ We estimate 

|(Vuj (to),Vu W /(to)}| < |(VP >e P< £ u(i ),Vu(t )}| 

< ||VP >e P< e «(to)|U|||Vti(t )|U». 

As 

l|Vu(io)|| LS < 1 

and 

\\VP >e P< e u(to)\\ L l = \\(VP >E P<Mto)r\\Ll 

<£\\u7Ato)\\Ll<e 
we get as a final bound on kinetic energy 

KVuj (to),Vu M /(to)>| <£• 

Therefore < s. As 

E{u) < Ecrit, 

and by hypothesis 

E(u hi r(t )) > ||u M /(to)||^ > V 2 , 
the triangle inequality implies E(ui {to)) < E cr u — cq c . □ 

Now since E(ui (to)), E(uhi{to)) < E cr n — crj c < E cr n we can apply Lemma 
11.21 to deduce that there exist solutions ui and Uhi on the slab Z» x R 4 with initial 
data ui (to) and Uhi(to) such that 

\\ u io\\sHi,xm*) ^ c (v) 

Define u :— u\ + u^i- We claim that u is a near-solution to 
Lemma 4.3. We have 

iut + Au = \u\ 2 u — e 
where the error e obeys the bound 

( 4 -7) HVe|| L?L V3 (JiXB4) < C( V y/*. 

Proof. By the above estimates and (|1.13|) we have that ||ufci(to)||z, 2 ^ £, and so by 
(13^2) we get 

(4-8) IKillso(j. xH 4) £ c (v) £ - 

Similarly, from 1|1.7[) and Bernstein we have 

Ho(*0)||jj2 < E||u io (to)||jji < £\\ u lo\\L r Hi(UxR*) - C ( 7 l)£, 
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and so by 1)3. 22j) 

(4-9) lh°ll<j2(/„xR4) ~ G ( r i) £ - 

From Lemma 12.41 we have the additional bounds 

\\Whi\ 2 u hi \\ L i L 2 {IrXRi) < C{n)e 

\\^{\Uhi\ 2 U h i)\\LlLl(I,xm) £ C (v) 

\\^(\uio\ 2 uio)\\ L lLi(i,x^) £ C{ri) 
llV^l^ol 2 ^)!^!^^^) < C(n)e. 
Applying Lemma f2. 51 we see 

l|V0(W^ 3 - J ')|| i?i J/3 (J>xE4) <C( ?7 ) £ 1 /2 

for j = 1, 2. Since e = J2j=i 0( w m : ' u 2o 3 ~ J ) the claim follows. □ 

We derive estimates on u from those on u via perturbation theory. More precisely 
we know that 

|K*o) - w(*o)||ffi < e 

and 

ll"ILf x (/ t xR-4) ^ ll^olUig.xK 4 ) + H^ills^/.xR 4 ) ~ C (v)- 

So if e is sufhciently small depending on 77, we can apply Lemma 13.31 to deduce the 
bound (|4.3I) . This concludes the proof of Proposition ^. II □ 

Comparing (|4.3|l with 1)1. 5J1 gives the desired contradiction if u satisfies the hy- 
potheses of Proposition ^. II We therefore expect u to be localized in frequency for 
each t. Indeed we have: 

Corollary 4.4 (Frequency localization of energy at each time). Let u be a minimal 
energy blowup solution of Ijl.ljl . Then for each time to G I* there exists a dyadic 
frequency N(t) g 2 Z such that for every 7/3 < r\ < 770 we have small energy at 
frequencies <C N(t) 

(4-10) \\P<c( v )N(t)u(t)\\ A i < n 

small energy at frequencies 3> N(t) 

(4.11) HJVc(, J )JV(t)u(t)|lHj<'7 
and large energy at frequencies ~ N(t) 

(4-12) l|- P c(»;)Af(t)<-<C(»;)Af(t)W(Olliji ~1 

where the values ofO < c(r]) «C 1 <C C(rj) < 00 depend on 77. 

Proof. For f £ /, define 

JV(t) := sup{A^ g 2 Z : ||P<^)||^ < 

As m is Schwartz, iV(t) > 0; as |M| L=oi ^-i ~ 1, N(t) < 00. From the definition of 
N(t) we have that 

[|^<2JV(t)«(*)llHi > 'to- 
Let 773 < 7; < 770- If C(?7) 3> 1 then we must have \\P>c(ri)N(t) u (t) 1^ < 77, 
since otherwise Proposition 14.11 would imply ||u||i6 (j.xffi 4 ) C(rj), which would 
contradict u being a minimal energy blowup solution. 
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Similarly, ||u|| i0 o#-i ~ 1 implies that 

\\Pc( V o)N(t)<-<C(na)N(t)u(to)\\Hl ~ 1 

and therefore that 

\\Pc( v )N(t)<-<C(n)N(t) u ( t o)\\Hi ~ 1 

for all 773 < 77 < T] . Thus, if c(rj) < 1 then \\P< c ^ N ^u(t)\\^i < 77 for all 773 < 77 < 
770, since otherwise Proposition ^. II would again imply HuH^e ^ xR 4) < C(7?). □ 

Having shown that a minimal energy blowup solution must be localized in fre- 
quency, we turn our attention to space. While it is true that such a solution is 
localized in space (the methods employed in 1 1 1 1 carry through to the four di- 
mensional energy-critical NLS case), we will only need the following weaker result 
concerning concentration of the solution (roughly, concentration will mean large at 
some point, while we reserve localization to mean simultaneously concentrated and 
small at points far from the concentration point). To obtain the concentration re- 
sult, we divide the interval into three consecutive subintcrvals = L U/oU/ + , 
each containing a third of the L\ x density of u: 

{ { \u(t,x)\ 6 dxdt = - ( ( \u(t, x)\ e dxdt for I = I_,I ,I + , 

J I JR 4 3 J Im J R 4 

It is on the middle interval Iq that we will show physical space concentration. The 
first step is: 

Proposition 4.5 (Potential energy bounded from below). For any minimal energy 
blowup solution of and all t £ Iq we have 

(4.13) \\u(t)\\ Lt > m . 

Proof. We will use an idea of Bourgain [5] . If the linear evolution of the solution 
does not concentrate at some point in spacetime, then we can use the small data 
theory and iterate. So say the linear evolution concentrates at some point (ti,xi). 
If the linear evolution is small in L\ at time to, we show to must be far from t\. 
We then remove the energy concentrating at (t\, x\) and use induction on energy. 

More formally, we'll argue by contradiction. Suppose there exists some time 
to € la such that 

(4-14) \\u(t )\\ Lt <m- 

Using (|1.3fl we scale N(t ) = 1. If the linear evolution e l ( t-t °) A u(t ) had small 
L^-norm, then by perturbation theory the nonlinear solution would have small 
L\ ^-norm as well. Hence, we may assume ||e^*~*°) A 7i(/jo) ||j,6 (r x r4) > 1. 
On the other hand Corollary 14. 41 implies that 

||Aoti(fo)||jri + l|flwu(*o)lljji < Vo, 

where P io = P <c ( no ) and Phi = P>C{r, )- Then by Strichartz 

\\e^- to ~> A P lo u(to)\\ LURxmi) + \\e^-^ A P h Mto)\\LUR^) < m- 

Thus 

|| e * P med u(t )||iiL(KxR 4 ) ~ l ' 
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where Pmed = 1 — Pio — Phi- However, P m edu{to) has bounded energy (by Q1.7[l ) and 
Fourier support in c(t]q) < |£| < C(rjo). Another application of Strichartz yields 

\\e^-^ A P med u(t )\\ Llm < \\P med u(to)\\Li < C( V o). 

Combining these estimates with Holder we have 

|| e *(*-«o)Ap rjwdU ( to )|| J .„ > c(??o) . 

In particular there exist a time ti S M and a point x\ £ R 4 so that 

\e l{tl - to)A {P med u{t )){ Xl )\>c{ Vo ). 

We may perturb t\ so that t\ ^ to, and by time reversal symmetry we may take 
t\ < tg. Let S Xl be the Dirac mass at x\. Define /(ti) := P m edS Xl and for t > t± 
define f(t) := e l (* _tl ) A /(ii). One should think of /(ii) as basically u at (ti,a;i). 
The point is then to compare u(to) to the linear evolution of f{t\) at time to- We 
will show that f(t) decays rapidly in any L^-norm for 1 < p < oo. 

Lemma 4.6. For any i 6 R and any 1 < p < oo we have 

\\f(t)U<C(vo)(t-h^- 2 . 

Proof. We translate so that t\ = x\ = 0, then use Bernstein and the unitarity of 
e itA to get 

ll/WIU- < C(r, )\\f(t)\\ Li = C( m )\\P med 8 Xl \\ Li < C( Vo ). 
By <|1.1L)[1 we also have 

ll/WIU- £ \A~ 2 \\PmM\ Ll <c{ m )\t\-\ 

Combining these two we obtain 

ll/WIU- <CM(t)" 2 . 

This proves the lemma in the case p = oo. 
For other p's we use ()1.9|l to write 

where (j) me d is the Fourier multiplier corresponding to P me d- For \x\ >• 1 + \t\, 
repeated integration by parts shows \f(t,x)\ < x|~ 100 . On \x\ < 1 + one 
integrates using the above L£°-bound. □ 

From l|4.14|l and Holder we have 

l<tt(*o),/(*o)>l < ll/(*o)ll £l /a||«(*b)IUi <viC(m)(h-t ). 

On the other hand 

K«(to)./(*o)>| = \(e l{fl - to)A P m edu(t ),S Xl )\>c( m ). 

So since (t\ — to) > c{rjo)/rji, we have that t\ is far from to. In particular, the time 
of concentration must be far from where the L^-norm is small. Also, from Lemma 
14.61 we have that V/ has a small L®L X 2 ^ 5 -norm to the future of to (recall t\ < to): 

(4.15) ll/IL fi x 2/5([to>oo)xR4) < CMlh t r 1/6 < C( V0 )vl /6 - 

Now we use the induction hypothesis. Split u(to) = v(to) + w(to) where w(to) = 
Se A _1 /(t ) for some small 8 = S(r] ) > and phase 9 to be chosen later. The 
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point of A -1 in the definition of w(to) is that our inner products will be in 
instead of the more common L 2 . One should think of w (to) as the contribution 
coming from the point (ti,x±) where the solution concentrates. We will show that 
for an appropriate choice of 5 and 9, v(to) has slightly smaller energy than u. By 
the definition of / and an integration by parts we have 

\ [ \Vv(t )\ 2 dx = i / |Vu(*o) ~ Vw(t )\ 2 dx 

Z JR 4 Z J 

= \j \Vu(t )\ 2 dx - 5Re J e-'VA-Vfio) • X7u(t )dx 
+ 0(S 2 \\A- 1 f(t Q )\\l 1 J 

< Ecrit + SRe e- l6 (u(t ), f(t )) + 0(d 2 C( V o)). 
Choosing 6 and 9 appropriately we get 

- / \Vv(t Q )\ 2 dx < E crit -c(r) ). 

* JR 4 

Again by Lemma 14.61 we have 

IM*o)||l 4 < Cfa,)||/(to)|Ui < C( Vo ){ti - h)- 1 < C( m ) m . 
So by l|4.14(l and the triangle inequality we obtain 

Hto)\*dx < C( Vo )vl 



Combining the above two energy estimates we see that 

E(v(t Q )) < E crit - c(r? ), 

and Lemma fOl implies there exists a global solution v of on [to, oo) x R with 
data v(to) at time to satisfying 

IML?, x ([to,oo)xR 4 ) < M (E^it - c(T)o)) = C(t]q). 

However, Ij4.15|l and frequency localization give 

l|v^-^VMII L?L w 5([t0iOO)xR4) < IIVA- 1 /ll L?ii2 /a ([to , oo)xR4) < c( n o) v l /6 . 

So if rji is sufficiently small depending on rjo, we can apply Lemma 13.31 with u = v 
and e = to conclude that u extends to all of [t , oo) and obeys 

^ C(vo,Vi)- 

As [to,oo) contains /+, the above estimate contradicts <|1.5|l if 774 is chosen suffi- 
ciently small. This concludes the proof of Proposition 14.51 □ 

Using H4.13(l we can deduce the desired concentration result: 

Proposition 4.7 (Spatial concentration of energy at each time). For any minimal 
energy blowup solution of <| 1 - 1 1) and for each t 6 Iq, there exists x(t) € R 4 such that 

(4.16) / \S7u(t,x)\ 2 dx > c(rji) 

J\x-x{t)\<C(m)/N(t) 

and 

(4.17) f \u(t,x)\Pdx>c( m )N(t) p - 4 

J\x-x(t)\<C(ni)/N(t) 
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for all 1 < p < oo, where the implicit constants depend on p. In particular 

(4.18) / |u(t,a;)| 4 (ix > c(r/i). 

Note that u(t,x) is roughly of size N(t) on average when \x — x(t)\ < iV(£) -1 , 
which is consistent with both the concentration of energy and the uncertainty prin- 
ciple. 

Proof. Fix t and normalize N(t) — 1. By Corollary 14. 41 we have 

\\P<c(r n )u(t)\\^ + \\P>C( m) u(t)\\Hl Z Vl°°- 

Sobolev embedding implies 

\\P<c^)U(t)\\L* + \\P>C( Vl) u(t)\\ Lt < V { 00 

and so by Ij4.13j) 

||ime<i«(*)||i* £ Vu 
where P me d = Pc(rn)<-<C(r)i)- On the other hand, by (|1.7(l we have 

\\P med u{t)\\ Ll <C( V1 ). 

By Holder 

m < \\PmedU{t)\\ Li < \\P m edu{t)t£ ■ WPmedVWfg < Cfa) \\P m edU(t) , 

which implies that 

\\PmedU{t)\\ L ~ >c{ m ). 

In particular, there exists a point x(t) S M 4 so that 

(4.19) c{ m )<\P med u{t,x{t))\. 

As our function is now localized both in frequency and in space, all the Sobolev 
norms are practically equivalent. So let's consider the operator P mec iVA _1 and let 
Kmed denote its kernel. Then 



c(m) < \P me du{t,x{t))\ < \K med *Vu(t,x(t))\ < j \K med {x(t) - x)\\Vu(t,x)\dx 
\K med {x(i) - x)\\Vu{t,x)\dx 

x-x(t)\<C(r)i) 

\K me d{x(t) — x)\\Vu{t,x)\dx 

\x-x{t)\>C(r,i) 

<C(vi)([ \Vu(t,x)fdxY /2 + [ , P%jL ds, 



x-x(t)\<C(r h ) ' J\x-x(t)\>C(vi) \ X ~ X (t) 

where in order to obtain the last inequality we used Cauchy-Schwarz and that K me d 
is a Schwartz function. Therefore, by (|1.7fl and possibly making C{rj{) larger, we 
have 

c( m )<( f \Vu(t,x)\ 2 dxY /2 + c( m )- a 

K J\x-x(t)\<C( Vl ) ' 

for some a > 0, proving (|4.16(1 . 
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Now let Kmed be the kernel associated to P me d, and let 1 < p < oo. As above 
we get 



c iVi) ^ / |^med(a;(i) ~ x)\\u(t,x)\dx 

\K med (x(t) - x)\\u(t,x)\dx 



< 



\x-x(t)\<c{ m ) 

\K med (x(t) - x)\\u{t,x)\dx 

\x-x{t)\>C{r, x ) 

CM (7 \u{t,x)y>dx) 1,P 

K J\x-x(t)\<c( m ) ' 

/ f 1 \ 3 / 4 

ll«(*)IUi( / , I- Z7jA 1 100-4/3 



< 



%)( K^)^) +c(7 ?1 )-" 

V ^| 2 ;- a; (t)|<C , (j ? i) 7 

for some a > which, after undoing the scaling, proves (|4.17(l if C(?7i) is sufficiently 
large. □ 

5. Frequency-Localized Interaction Morawetz Inequality 
The goal of this section is to prove 

Proposition 5.1 (Frequency-localized interaction Morawetz estimate). Roughly 
speaking, this proposition states that after throwing away some low freguency com- 
ponents of the minimal energy blowup solution, the remainder obeys good L^H X 1 ^ 2 
estimates. Assuming u is a minimal energy blowup solution of and < 

c(r)i)N mm , we have 

(5.D / / / ip^^^np^^,,)^^ 

Jio J** Jm* \ x - vr 

In order to prove the proposition we introduce an interaction potential general- 
ization of the classical Morawetz inequality. 

5.1. An interaction virial identity and a general interaction Morawetz 
estimate for general equations. We start by recalling the standard Morawetz 
action centered at a point for general equations. Let a be a function on the slab 
1 xR™ and 4> satisfy icj) t + Acj) = M on / x R ra . We define the virial potential to be 



V a {t) = / a(x)\<p{t,x)\ z dx 
and the Morawetz action centered at zero to be 

M°(t) = 2 aj(x)Im{^(x)^j(x))dx. 
A computation shows that 

d t V a = M° + 2[ a{J\f, 4>} m dx, 



where the mass bracket is defined to be {/, g} m — Im(/g). Note that in the 
particular case when J\f = F' (\(j)\ 2 )(j) one has M° = dtV a - 
Another calculation establishes 
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Lemma 5.2. 

d t M° a = f (-AAa)|0| 2 +4 / a jk Re(J~j<i>k) + 2 / a^JV,^, 

JR™ JR™ JR n 

where we define the momentum bracket to be {f,g} P — Re(fVg-gVf) and repeated 
indices are implicitly summed. 

Note again that when M = i^'(|0| 2 )0 we have {TV, </>} p = -VG(|0| 2 ) for G(x) = 
xF'(x) — F(x). In particular, in the cubic case {AT, <f>} p = — |V(|(/)| 4 ). 

Now let a(x) = \x\. Easy computations show that for dimension n > 4 we have 
the following identities: 



/ \ $jk XjXk 

ajk(x) =j L J - -f-nr 
\x\ \x\ 3 

M. n - 1 
x) =—r-r- 
\x\ 

a a / x (n-l)(n-3) 
- AA «(^) =" 

For this choice of the function a, one should interpret the M° as a spatial average 
of the radial component of the L^-mass current. Taking its time derivative we get 

d t M° a = (n-l)(n-3) f \^fdx + 4[ - ^)R e (J]<j> k )(x)dx 

JK" \X\ JR" \X\ \X\ 

+ 2 f ^{N,<j>%{x)dx 

JR" \X\ 

= (n-l)(n-3)/ + ^|V ^)| 2 dx 

JR" Fl Jr" Fl 

+ 2 / ^-{N,4>} p {x)dx, 

JR" \X\ 

where we use Vo to denote the complement of the radial portion of the gradient, 
that is V = V-^(^V). 

We may center the above argument at any other point y £ R 4 . Choosing a(x) = 
\x — y\, we define the Morawetz action centered at y to be 

{t) = 2 f ^L\^(J{x)V4>{x))dx. 

Ji» \x - y\ 

The same computations now yield 

d t Ml = (n - l)(n - 3) / .^^. ds + 4 / |V y </>(x)| 2 dx 
7r- k - y| 3 7r- \x-y\ 

+ 2 ( ^—lL{M^} p (x)dx. 
jr" f y\ 
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We are now ready to define the interaction Morawetz potential, which is a way 
of quantifying how mass is interacting with (moving away from) itself: 



M mteract (t)= / \<Kt,y)\ 2 M*(t)dy 



= 2Im/ / \(f>(t,y)\ 2 ^^-V(p(t,x)(j)(t,x)dxdy. 

jk" jr" f — v\ 

One gets immediately the easy estimate 

\M intera <*(t)\ <2||^(t)||| ; U(t)\\m x - 

Calculating the time derivative of the interaction Morawetz potential we get the 
following virial-type identity, 

(5.2) d t M interact =(n-l)(n-3) [ [ ^ffiM^ ' dxdy 

Jr" Jr" \x — y\ 

(5.3) +*[ [ 

Jr» Jr« \x - y\ 

(5.4) +2 [ [ ^L( x - y){M, <p} p {x)dxdy 



i" \ x -v\ 

(5.5) 2 / d yk lm(cf^)(y)Mydy 



(5.6) +4Im/ / {M,<j>} m (y)-?—?LV(l>(x)(l>(x)dxdy. 



\x - y\ 

As far as the terms in the above virial-type identity are concerned, we will 
establish 

Lemma 5.3. > - lf5~3) . 

Thus, integrating over the compact interval Iq we get 
Proposition 5.4 (Interaction Morawetz inequality). 

(»-!)(» -3)/ / / ^f't^ 

■//o 7R" Jm" F - 2/1 

I0(t, y)l 2 . (2 . _ ^ p ( tj x ) dxdydt 



\x - y\ 

l.;-L 7 ' i /, 1 xRn)]]? i llz, ? =iji(/oXR«) 

0} m (t, |/)||V^(t,a;)||0(t,aj)|da;di/<ft. 



<2||0||loc i;f I nX HnJ^I 



Note that in the particular case M = \u\ 2 u, after performing an integration by 
parts in the momentum bracket term, the inequality becomes 

os f f f \u(t,y)\ 2 \u(t,x)\ 2 , , , 
(n-1 (n-3 / / / 1 ^ , 1 1 ' ;l efacfacfe 

j/o y«n Jr- f - yr 

^ f f f \u(t,y)\ 2 \u(t,x)\ A , , , 
+ (n - 1) / / / 1 v '7 1 1 y Ji dxdydt 
Jio JR" Jr" \x-y\ 

^ 2 ll M llL~L2( /oxR „)||u|| L oo i ji (/oxR „). 
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We turn now to the proof of Lemma EH We write 

Jr" Jr" f _ y\ 

where we sum over repeated indices. We integrate by parts moving d Vk to the unit 
vector jfE^y- Using the identity 



dyA \x-y\> \x-yf 



p(y)p(x) - (p(y) \ X X _ V \ ) (p( x ) 



and the notation p(x) — 21m((/)(x) \7<j)(x)) for the momentum density, we rewrite 
(|5~5|) as 

y\i dxdy 

\x~y\J \x - y\)\ \x-y[ 

Note that the quantity between the square brackets represents the inner product 
between the projection of the momentum density p(y) onto the orthogonal comple- 
ment of (x — y) and the projection of p(x) onto the same space. But 

k (x _ s) xp(y)| = \ P (y) ^—L(^Lp{y))\ = 2|Im(^)V^(y))| 
\x y\ \x y\ 

<2|0(y)||V^(2/))|. 
As the same estimate holds when we switch y and x, we get 

E3>-4/ / \<fi(y)\\V x <i>(y))\\<p( X )\\V y <i>(x))\dxdy 



> _ 2 r f mmpi dxdy _ 2 f r mp^^i^ 

J Rn J Rn \x-y\ JrkJrk \x-y\ 

> -iIOi. 

5.2. Morawetz inequality: the setup. We are now ready to start the proof of 
Proposition 15. II As the statement is invariant under scaling, we normalize A» = 1 
and define Uhi — P>iu and ui = P<\u. As we assume 1 = A* < c(rji)N m i n , we get 
1 < c(r]i)N(t), Vt e Iq. Provided we choose c(rji) sufficiently small, the frequency 
localization result and Sobolev yield 

( 5 - 7 ) H w <r ) - 1 llL-iji(/ xR4) + h <n -i\\L^Li(I xRi) < T)l- 

Hence, u/ has small energy 

(5-8) II^qIIl-h^/oxr 4 ) + H u iolUr^(^xR 4 ) ^ vi- 

Using and H5.7(l . one also sees that Uhi has small mass 

(5-9) lkw||z,~i|(/ xK*) ^ m- 

Our goal is to prove 

(5.10) / / / lUh ^^ U f^ 2 dxdydt< m . 

Ji Jr* Jul* \x - y\ a 

Since in four dimensions convolution with l/|a;| 3 is basically the same as the 
fractional integration operator |V| _1 , the above estimate translates into 

C 5 - 11 ) \\\ U h*\ 2 \\ L 2H^ 2 (I xR*) ^ 1 h' 2 - 
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By a standard continuity argument, it will suffice to prove H5.11JI under the 
bootstrap hypothesis 

(5.12) IIKI^fH-VVoxR*)^! 72 , 

for a large constant Co depending on energy but not on any of the 77's. More 
rigorously, one needs to prove that l|5.12[l implies i|5.10|l whenever Iq is replaced by 
a subinterval of Jo in order to run the bootstrap argument correctly. However, it 
will become clear to the reader that the argument below works not only for I but 
also for any subinterval of Iq. 

Note that a consequence of <|5.12|) is 

(5-13) II^K^IIl^/oxr*) < N^cl^ 2 . 

Proposition 5.5. With the notation and assumptions above we have 

nu{t^\u u ^x)? dxdydt+ j f j WUt,y)\ 2 \uUt,xr dxdydt 



1 1 jr 4 jr 4 f ~~ y\ 3 Ji Jr 4 Jr 4 f y\ 

(5-14) <vf 

2 

(5-15) +771 V / / \P hl 0(u{ t u 3 ^)(t : y)\\u hl (t,y)\dydt 

(5.16) + m [ [ \P lo 0(u 3 hi )(t,y)\\u hi (t,y)\dydt 

Jio Jr 4 

(5.17) +V1Y\ I I \u ht (t,xW\ui (t,x)\ 3 - 3 \Vui (t,x)\dxdt 
■_, Jin Jr 4 



3=1 



(5.18) +ni / / \u hl VPi (\u\ 2 u)\(t,x)dxdt 



(5.19) +±\f f f l^(^)l 20 K^)(M)^ 

j ~[\Ji Jr 4 Jr 4 \x-y\ 

Proof. Applying Proposition 15 .41 with cf> — um and J\T = Phi{\u\ 2 u) we find 

3 r r r M^\^)\ 2 dxdydt 

Jio Jr 4 Jr 4 f - y\ 

12 



+ 2 [ f f g)l (x-y){P hl (\u\ 2 u),u hl } p (t,x)dxdydt 

Jio Jr 4 Jr 4 F ~ V\ 

< 2 ll'"w|li|<'I,|(j xR 4 )ll u w||ioojji( IoXE 4) 



+ 4/ / / \{Phi{\u\\),Uhi} m (t,y)\\Vuhi(t,x)\\uhi{t,x)\dxdydt. 
Ji Jr 4 Jr 4 

Observe that (|5.9() plus conservation of energy dictates 

\\ u hi\\LfLl(I xR 4 )\\ u hi\\L^Hl(IoxR 4 ) ~ ' 

which is the error term Ij5.14|l . 



We deal first with the mass bracket term. Exploiting cancellation we write 

{Phi(\u\ 2 u),Uhi},n = {Phi(\u\ 2 u) - \u h i\ 2 Uhi,Uhi},n- 
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Writing 

Phi(\u\ 2 u) - \u hi \ 2 u hi = P h i{\u\ 2 u - \u hi \ 2 u hi ) - Pio{\u hl \ 2 u hl ) 

2 

we estimate the mass bracket term by the error terms (I5.15f) and (|5.1t)|) as follows: 

2 

^ / /_ / \u hi (t,x)\\X7u hl (t,x)\\P h i0(u{ i u^~ r )(t 7 y)\\u hi (t 7 y)\dxdydt 
3=0 • " 



+ / / / |^(i,x)||Vu^(t,a;)||P io 0(< i )(t,y)||u hl (t,?;)|dxd 2 /^ 



< 



3=0 " J <> 



£ / / l^i0(«ii«L -i )(*>w)ll«w(*>i/)ldy* 



+ t?i / / |Pto0K i )(t,y)||u w (t,y)|%rft, 
where in order to obtain the last inequality we used 

\u hi (t, x)\\Vu hi (t, x)\dx < ||w h i|| LrL 2 (/oxR 4)||Vu/ l i|| Lt oo L 2( /oxR 4 ) < rji. 

We turn now towards the momentum bracket term and write 
{Phi(\u\ 2 u),u hi } p = {\u\ 2 u,u hi } p - {Pio(\u\ 2 u),u hi } p 

= {\u\ 2 U,u} p - {\u\ 2 U, Ui }p - {Plo(\u\ 2 u),U hi } p 

= {\u\ 2 u,u} p - {\u lo \ 2 u lo ,uio} p - {\u\ 2 u - \u lo \ 2 u lo ,uio} p 

- {Plo(\u\ 2 u),U hi } p 

= -^V(|m| 4 - |u; | 4 ) - {\u\ 2 u - \ui \ 2 ui ,ui }p 

- {Pl (\u\ 2 u),U hi \p. 

After an integration by parts, the first term in the momentum bracket contributes 
a multiple of 

\u hi (t,y)\*\u hi (t,x)l dxdydt 



\x - y\ 

+ f|/ / / M,,m*L<>W.*) 

f^UioJRiJm \x-y\ 
in which we recognize (|5.19|) and the left-hand side term in Proposition l5.5l 

In order to estimate the contribution of the second term in the momentum 
bracket, we write {/, g} p = V0(/g) + 0(/V<?) and 

3 

\u\ 2 u - \u lo \ 2 u lo = £ 0( u LwL~ J ) 

3=1 
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and we decompose 

3 3 

{\u\ 2 u - \u lo \ 2 u lo , u lo } p = V0K i u?~ J ') + ^ ®( u hi u lo j Vuio) = I + IL 

3=1 3=1 

In order to estimate the contribution of I to the momentum bracket term, we 
integrate by parts to rediscover i|5.19|) . 

Taking absolute values inside the integrals, II contributes to the momentum 
bracket term 

Y\ [ [ [ \uhi(t,y)\ 2 \u hi (t,x)\ j \ui (t,x)\ 3 - j \Vui {t,x)\dxdydt 

^ II u m|Il~l2 (JoxR 4) ^2 / / \uhi{t,x)\ J \u lo {t,x)\^ J \Vu lo {t,x)\dxdt 
V" / / \u hl (t,x)\ j \ui (t,x)\ 3 ~ j \'7ui (t,x)\dxdt, 

. h Jin JR4 



j=l " J o 

which is \b.lT} . 

The only term left to consider is the last term in the momentum bracket. When 
the derivative (from the definition of the momentum bracket) falls on Pi a (\u\ 2 u), 
we estimate its final contribution by taking absolute values inside the integrals to 
get 



\u hl (t,y)\ \u h iVPio(\u\ u)\(t,x)dxdydt 
^hhi\\l rL 2 {IoxMi) / \unVPi (\u\ 2 u)\(t,x)dxdt 



<V 2 i / \u hl VPi (\u\ 2 u)\(t,x)dxdt, 



r 



in which we recognize the error term i|5.18[l . 

When the derivative falls on Uhi, we first integrate by parts to get as a final 
contribution 



\uhi{t, y)\ 2 u hi (t, x)Pi (\u\ 2 u)(t, x) dxdydt 

\x - y\ 

mmV 'Pi (\u\ 2 u)\(t, x)dxdt 

I JR 4 

\u hi (t, y)\ 2 u hl (t,x)Pi (\u\ 2 u){t,x) 



(5.20) 


// 


/ \ u h 

, 4 JR 4 


(5.21) 




+ 


(5.22) 






(5.23) 




+ 



\x - y\ 



dxdydt 



Decomposing u = ui + u^i , we bound (|5.23|) by H5.19fl and the second term on 
the left-hand side of Proposition 15. 51 

□ 
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5.3. Strichartz control on low and high frequencies. The purpose of this 
section is to obtain estimates on the low and high frequency parts of u, which we 
will use to bound the error terms obtained in the previous section. 

Proposition 5.6 (Strichartz control on low frequencies). We have 
(5-24) IK]]s 1(/oxR 4) < r??C i 

Proof. Throughout the proof all spacetime norms will be on Iq xR 4 . Lemma 21 
dictates 

\Wio\\s t < IK0o)lliTi + llvp io (M 2 u )|| L?i 4/3. 

Note that according to our assumptions, ||wj (to)||ffi Vi- 

Write VPi (\u\ 2 u) = J2j=o ^^o0('u^ hi u^ j ). The contribution coming from the 
j — term can be estimated by 

We estimate the contribution coming from the term corresponding to j = 1 using 
Bernstein and (|5.9|l as 

|| VPi o 0(u 2 o u hi ) ll^va < ||uj n w || i?i 4/3 < \\u lo \\ 2 L i L s\\u hi \\ LrL 2 < mWuioW 2 ^- 
The term corresponding to j = 2 is estimated via Bernstein and (|5.13ll as 

\\VP lo 0{u lo U 2 hi )\\ L 2 L */3 < \\Plo0(uioU 2 hl )\\ L 2 Lt /s < HuiollLJ'Lill^lO^i)!!^ 



We now turn toward the j — 3 term; consider a dyadic piece V Pio0(un 1 un 2 un 3 ) 
for iVi > N% > N3 > 1, and notice that we can replace un 2 un 3 by P< 10./V1 (it jv 2 un 3 )- 
Using Bernstein and (|5.13|l we estimate 

l|vp io 0K i )ll i 2 i 4 /3 < WWuIMl'li 

■ LJ -fc.- L -'lC t x 

< X] WuNiWL^LlWP^lONiiu^UNMLl^ 
A r i>A r 2>A r 3 >l 

< ^ N^N^ricI 

N 1 >N 2 >N 3 >1 
1 1 

Putting everything together we obtain 

2 - - - - 

mo\s x - Vi + 7 7ilho|ls 1 +??i||«io|| J s 1 + ? 7i 2 Co +V?Co- 

1 1 

Choosing 771 sufhciently small, we get ||u; ||g i < ij^Cq. □ 
Proposition 5.7 (Strichartz control on high frequencies). We have 

(5-25) \\V~^Uhi\\ztLi(.i xv*) ^ Co fi • 

Proof. Throughout the proof all spacetime norms will be on Iq x R 4 . Strichartz 
dictates 

WV^umW^la < \\V-^u hi \\ LrLi + ||V-^P M (| U | 2 u)|| i2i 4/3. 
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We estimate the first term crudely by 

||V"^li hl || L =o L 2 < \\u hi \\ LrL 2 < m . 

To deal with the nonlinearity we decompose u into ui Q and Uhi, and write 
Phi{\u\ 2 u) = J2j=o Phi ( Z>{u : ' hi u^~ : '). The control we have gained on low 
frequencies in Proposition 15.61 and Bernstein allow us estimate the terms corre- 
sponding to the cases j = and j = 1: 

\\V- l *P u 0{uI)\\ l1lT < ||VJ\,0(u? o )|| £?£ *„ < \\Vu lo \\ L * Li \\u lo \\i rLi 

<vlhio\\^<cjvl 

\\\7~? P hi 0(u hi uf o )\\ L 2 L 4/3 < \\P h i0(UhiU^ o )\\ L 3 L */a < \\u h i\\L°°L%\\ulo\\lt L s 

In order to deal with the terms corresponding to the cases j '■ — 2 and j = 3, we 
will prove the more general estimate 

(5.26) llV-^Vi/XV-^)}]]^ < ||/|U|]|9|| iS /3. 

In order to prove H5.26J1 . we decompose the left-hand side into TTh,h, ^l,hi an d 
TTh,i which represent the projections onto high-high, low-high, and high-low fre- 
quency interactions. More precisely, for any pair of functions (<p,ip), we write 
Kh,h{<i>,ip) = Ejv~m Pn&PmiP, m,h{<l>i4>) = J2n<m p n^PmiP, and n h: i(<f>,ip) = 
J2n>m Pn^PmiP- 

The high-high and low-high frequency interactions are going to be treated in the 
same manner. Let's consider for example the first one. A simple application of 
Sobolev embedding yields 

(5.27) ||V- W{(V5/)(V-^)}|| 4 / 3 £ lkM{(V*/)(V-*0)}|| L yr. 

Now we only have to notice that the multiplier associated to the operator T(f, g) — 
7r/i,h{(Vi/)(V-^)}, i-e. 

J2 i£ii*jwKi)N~**£s(&)> 

is a symbol of order one with £ = (^1,^2), since then a theorem of Coifman and 
Meyer (|S], [7]) will conclude our claim. 

To deal with the 717^ term, we first notice that the multiplier associated to the 
operator T(f, h) = V-*7ifc,i{(V* f)h}, i.e. 

N>M 

is an order one symbol. The result cited above yields 

\\^-^ h j{(^f)(W-^g)}\\ Li/3 < ||/|U 3 ||V-^IU«. 

Finally, Sobolev embedding dictates the estimate ||V _ 5g|| i4 < l[«jr|| 8 /3. 

To estimate the contribution of the term corresponding to the case j = 2, we 
take / = V~2 \uhi\ 2 and g — V^ui Q in (|5.26|) . Using Sobolev embedding and (|5.12|) 
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we get 

\\V-?P hi 0(u 2 hi ui o )\\ LfLt/ 3 < ||V-'|ti M | 2 || i »J|V*Uio|| £ j. £ -/3 <J/fc *||Vui o || Lf . iS 

<<?<?%V 

Similarly, to treat the case j = 3 we take / = V~^\uhi\ 2 and g — V^Uhi in (|5.26(l 
and use Sobolev embedding and l|5.12[l to estimate 

||v-^0( u L)|| L?i 4/3 < || v-* |«mI 2 IU» . II V'uwii ^^.z, <vlQ\\vu hi \\ LrL 2 




Combining the above estimates we get 

liv-suwiiijij < m + civ! + cWi + c!4 + vhl < v?c$. 

which proves the proposition. □ 
Corollary 5.8. 

i i_ 

(5-28) hhihlJioxn*) £ CqVi ■ 

Proof. The claim follows interpolating between 

V« w G LfLl{I a x R 4 ) 

and 

V"*u w G L 2 t L 4 x (I x R 4 ). 

□ 

5.4. Morawetz inequality: error terms. In this section we use the control on 
ui and Uhi that Strichartz won us to bound the terms appearing on the right-hand 
side of Proposition 15.51 For the rest of this section all spacetime norms are going 
to be on Jo x M. 4 . 

Let's consider (15.15(1 . The term corresponding to j = 2 can be bounded via 
Bernstein and (|5.28|) by 

%Kdli ? JKIU~ <?7iO). 

We estimate the term corresponding to j = 1 using Bernstein, lfB~"""") . and 1(5*28) : 

7 7 

'7l|l W ht|li3 iij ||«i |U«>i4||« Jl0 || i S L I2 < lllVlCfi. 

The term coming from j = we again estimate using Bernstein and (|5.24|) : 
rn\\uhiPhi&(ul)\\ Llx < m\\u h i\\L r L%\\Phi®{u%)\\ LlLl < vl\\VPhi®{ul)\\ LlLl 
^^llVujolUjijUujolliji. ^^IKUl, <vfr,}cl. 
The final contribution of the error term l|5.15[) is therefore at most 

vi(mCo + vIcl + v lcl)<rn. 
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We now consider the error term (|5.16(l , which we can bound as 

m l^o0(«w)(*>w)ll«w(*.i/)Mw*^^ll«wlU?i»llflo0(«w)ll£jM 

Jl JR 4 

<^||J^0(u^)|| H- <^||« W ||i. a 

Hence, l|5.16|l is bounded by rjfCo < 171. 

Consider l|5.17[l . The contribution coming from j = 1 can be estimated via (15.24(1 

as 

3 3 

vl\\Vui \\^ L 4j\ui \\ L 3 L i 2 \\ui \\ L 6ju hl \\ LrL 2 < vxhioWli < vhfc*. 

Applying Bernstein, l|5.24[l . and (|5.28l) . we estimate the contribution from j = 2 by 

Vi 1 1 Vu io || L . J I u hi |||, J| u io || L _ < J^Tjf C,| . 
Using Bernstein and (|5.28|l we estimate the term corresponding to j — 3 by 
^lll^wlllf^llVujolli^ <vlC \\ui o \\ LrL 4 <ri\C . 

77 33 

Thus the error term l(5.17|l contributes at most 77^(771 Co + ry-f C 6 + r/f C 2 ) < rji. 

We now turn towards the error term (|5.18|) . Decomposing u — Uhi + ui Q , we 
write V Pio(\u\ 2 u) = Y^j=o^ Pio${ u hi u? io^)- Using Bernstein, Proposition 15.61 and 
Corollary 15. 81 we estimate 

r}l\\u hi VPi o 0{u 3 lo )\\ L i x < J/illuwIliiox^llVujolliaijIluiolliii^llKtollx,^ < vlWuioW 3 ^ 

<4v?cl < 771 

?7?||u w VPi o 0(u M wf o )|| I ,i !e < r/illuwllii^llujolll^ < ril\\u hl \\ 2 Lit J\uio\\% 

< rftcZ'Wcom < m 

VihhiVPio0{ul i ui o )\\ L i x < vi\\uh t \\ 3 L 3 Juio\\l^ < VihhiWl^ Juioh^Li 

< ?7iCo?7i?7i < 771 

v!\\UhiVPl o 0(u S hi )\\Ll„ < vl\\u ht \\L?Li\\VP lo 0(ul)\\LlLl < ViWumWlI,. 

<V 3 i\\u hi \\l lx <vlC < Vl . 

Hence, the error term (|5.18|) is bounded by 771. 

We consider now l|5.19|) . For the case j = 3, we split the region of integration 
into \x — y\ < 1 and \x — y\ > 1. On the first region we use Cauchy- Schwartz and 
Young's inequality, remembering that now we are convolving with an L\ function, 
obtaining the bound 

\\^h^\L^v^\mo\h\ x ^ \\ u ht\\l rLt \\u hl \\ 3 L 3j\ui \\ L ^ <7]fc . 

On the second region of integration, we bound \ x ^_ y \ < 1 and estimate 

hhiWlooiiWuliUioWL^ ^ vl\\uht\\li J\uio\\ L ^ <vtC - 
The case j = 2 is treated analogously using 

11 7 ± 

hhiulhl^ ^ \\Uhi\\LfLl\\uhi\\ L lJ\uio\\ L 3 L i2 < VlVl C o\\ U lo\\si ^llCo 
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7 4 11 

to get the bound r)l C 3 on the first region and rfijil C 3 on the second region. 

We turn now towards the term corresponding to j = 1. We write U} v 
V(V u/m) and integrate by parts to bound this term by 



(5.29) 
(5.30) 



\u hi (t,y)\ 2 (\7 1 u hl ){t, x)uf (t, x)X7ui (t, x) 



\x - y\ 

\uM(t,y)\ 2 v? lo {t,x){V- l u hi ){t,x) 



dxdydt 



x-y 
\x - 



dxdydt 



Let's consider (15.29(1 . We again split the domain of integration into \x — y\ < 1 
and \x — y\ > 1. On the first region we proceed as in the previous two cases, i.e. 
use Cauchy-Schwartz, Young's inequality, and that the function we convolve with 
is in L\. to bound 

\\\uhi\ 2 \\L^Ll\\(^^ 1 u hi )uf \7ui \\ L i L 2 

< \\u hl \\l r L 4 ||V _1 li hl || L 2 L l \\VUlo\\ L 2 L 4 |Ko|||~ 

^ »7i II ^io II s-i 1 1 V_ 5 WW 1 1 

< rifC . 

On the second region we take the absolute values inside the integral and estimate 
\u h i(t, y)\ 2 \ (V- 1 ^) (t, x) I \uf (t, x) || V«i (t, x) I 



Jo "'R 4 



(x - y) 



% hhi 111- 1,2 sup 

y€R 4 

< 



-dxdydt 

I ( V" V*) (t, x) \\uf (t, x) \\Vuio (i, x) I 



(x - y) 



dxdt 



Vl\\(x) IIl 4 +II V l UhiUi VUlo\\ L i L */a- 

< ^illV^wllii^llVu/ollij^Hujoll^g- 

< J?l||w/o|l5l||V"^i ftl || L 2 L 4 

< »7iC . 

Taking absolute values inside the integrals, we write l|5.30|) as 

< l|v-i|^| 2 |U l!K ||v-«|cv- 1 ^ i )^follU| 

\V- 1 u h i[t,x)\\uio{t,x)\ 3 



dx 



\x - y\ 



To estimate this integral we again split the domain of integration into \x — y\ < 1 
and \x — y\ > 1. On the first region we note that the function we convolve with is 
in Lz and we estimate 



Wiv-Wi^lh^ < IIv-^mII^jII^iH^sIKIU- <vlvic$ <^cl 
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On the second region of integration we estimate 

\\{{V- l u hl )ul} * {x)-i\\ LU < \\{V~ l u hl )ul\\ L , Ll \\{x)-^\\ LrLl 

^ l|V _1 «w[[ifi*IKo||i«.i4 

We see therefore that the error term H5.19(l is also bounded by 771. 
Upon rcscaling, this concludes the proof of Proposition 15. II 

6. Preventing Energy Evacuation 

The purpose of this section is to prove 

Proposition 6.1 (Energy cannot evacuate to high frequencies). Suppose that u is 
a minimal energy blowup solution of <|1.1|) ■ Then for all t 6 Iq , 

(6.1) N(t) < C{ m )N mm . 

Remark 6.2. N m i n > 0. Indeed, from the frequency localization result we know 
that for Vi G Iq 

\\Pc(r, )N(t)<-<C(no)N(t)u{t)\\^i ~ 1. 

On the other hand, from Bernstein 

ll^ C ( }? o)JV(t)<-<C(r,o)W(t) U WllHi ^ C (Vo)N(t)\\u\\ LrL 2. 

Hence, N(t) > c(j7o)||w||^i i2 for all t G Io, which implies N min — inf te / N(t) > 0. 

6.1. The setup. We normalize N m i n — 1. As N(t) G 2 Z , there exists t m i n G la 
such that N(t mm ) = N min = 1. 

At the time t = t m i n we have a considerable amount of mass at medium frequen- 
cies: 

(6.2) \\Pc{r to )<-<C( n o) u { t 'min)\\Ll > c(Vo)\\Pc{ Vo )<-<C(r, ) u ( t min)\\ jji ~ c(jjo). 

However, by Bernstein there is not much mass at frequencies higher than C(rjo): 

\\ P >C(r, )U{t mln )\\Ll < c(??o)- 

Let's assume for a contradiction that there exists t evac G Iq such that N(t evac ) 
C(?73). By time reversal symmetry we may assume t evac > tmin- As 

\\P<c( v )N(t)u(t)\\^i < r/ 

for every 773 < 77 < 770 and all t G Jo, we see that choosing (7(773) sufficiently large 
we get very small energy at low and medium frequencies at the time t — t evac : 

(6-3) \\P <n -^u{t evac )\\ kl < 7/3. 

We define it; = P <rj wau and um — P^wou. (|6.2|) implies that 

(6.4) \\u hl (t min )\\ L 2 > 7]i. 

Suppose we could show that a big portion of the mass sticks around until t = t evac , 
i.e. 

(6-5) ||Ufci(*eooc)||ig > t;Vi- 

Then, since by Bernstein 

\\P>C( m ) u ht{tevac)\\Ll <c(??l), 
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the triangle inequality would imply 

\\P<C( Vl )Uhi(tevac)\\Ll > ~^]\- 

Another application of Bernstein yields 

\\P<C( Vl )u{tevac)\\Hl £ C^l, Tfe), 

which would contradict (|6.3|) if 773 were chosen sufficiently small. 

It therefore remains to show (|6.5[l . In order to prove it we assume that there 
exists a time such that t m i n < t* < t evac and 

(6-6) t mi i<t<u " \ m ' 

We will show that this can be bootstrapped to 

(6-7) t „J<t<u - \ m - 

Hence {t* £ [t m i n ,t evac ] : (|f>.f>|> holds} is both open and closed in [t m in,t e vac), and 
JH3 holds. 

In order to show that l|tj.6|) implies l|6.7[) we treat the L^-norm of Uhi as an almost 
conserved quantity. Define 

L(t) = / \u hi (t, x)\ 2 dx. 

By (|(i.4|l we have L(t m i n ) > i]f. Hence, by the Fundamental Theorem of Calculus 
it suffices to show that 

rt, 



\d t L(t)\dt < ^rjl 



We have 

d t L(t) = 2 1 {P hl {\u\ 2 u),u hi } m dx 



Thus, we need to show 

ft. 



2 / {Pm{\u\ u)-\u h i\ Uhi,u h i\ m dx. 



1 



(6.8) / / {Phi(\u\ 2 u) - \u hi \ 2 u hi ,u hi } m dx dt < -^—ril. 
Jt min Jr 4 iuu 

In order to prove (|6.8I) , we need to control the various interactions between low, 
medium, and high frequencies. In the next section we will develop the tools that 
will make this goal possible. 

6.2. Spacetime estimates on low, medium, and high frequencies. Remem- 
ber that the frequency- localized Morawetz inequality implies that for N < c(rji), 

(6.9) / / \P> N u{t,x)\ 3 dxdt < m N- 3 . 



This estimate is useful for medium and high frequencies; however it is extremely 
bad for low frequencies since iV -3 diverges as N — > 0. We therefore need to develop 
better estimates in this case. As u< m has extremely small energy at t — t evac (see 
(16.31) '). we expect to have small energy at all times in [t m i n ,t evac \. Of course, there 
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is energy leaking from the high frequencies to the low frequencies, but (|6.9(l limits 
this leakage. Indeed, we have 

Lemma 6.3. Under the assumptions above, we have 

( 6 - 10 ) H p <^HsM[w,w]xm4) <V3 + V2~ 2 N? 

for all N < 772. 

Remark 6.4. One should think of the 773 factor on the right-hand side of (|6.10() 

— - 3 

as the energy coming from the low modes of u(t evac ), and the rj 2 2 term as the 
energy coming from the high frequencies of u(t) for t m i n <t< t evac . 

Proof. Consider the set 

-8 3 

ft = {t £ [t mm , tevac) ■ \\ P <Nu\\gi {[t j^ ac]xR4) < C ?] 3 + T] f] 2 2 N\VN < rj 2 } , 

where Co is a large constant to be chosen later and not depending on any of the 
77's. 

Our goal is to show that t m i n £ ft. First we will show that (e!! for t close to 
t evac . Indeed, from Strichartz and Sobolev we get 

ll- P <A' u lls' 1 ([i,t e „ ac ]xB'4) ^l|VP<jVw||z,~z^([ t , Wc ]xM4) + IIVullL^at.t^acIxR 4 ) 

<||VF< A ru(/j e . uac )|| i 2 + C\t evac - t\\\Vd t u\\ L oo L 2( IoXM ^ 

+ \tevac - ^l 2 |jVli|| it oo L 4( /oxR 4). 

As u is Schwartz the last two norms are finite, so 16.3fl implies 

\\P<Nu\\si([t,t evac ]xR*) ^ r )3 + C(I 0l u)\t evac - t\ + C(I ,u)\t evac - t\*. 

Thus t £ f2 provided \t evac — t\ is sufficiently small and we choose Co sufficiently 
large. 

Now suppose that t £ f2. We will show that 

1 1 -3 3 

( 6 - n ) ll p <iv«llsi([t,i eBOC jxR*) ^ 2 CoV3 + 2 mr]2 

holds for VW < 772- Thus, Q is both open and closed in [t m i n ,t evac ] and we have 
tmin £ ^ as desired. 

Fixing N < r/2, Lemma 12.21 implies 

M 

H P <iVu|lsi([t,W]xR4) ^ l|P<WW:)||ffi + ^ ||V 'F m || ^ ^ ([t)W]xR4) 

m— 1 

for some decomposition P<jv(|ii| 2 7i) = X) m =i-Pm an d some dual Schrodinger ad- 
missible pair (g„,r^). 
From l|t).3|) we have 

||P<JV«(*e«oc)||fl-i ~ ^3, 

which is acceptable if we choose Co sufficiently large. 

We decompose P<jv(|u| 2 u) = Y%=o p <N0(u 3 hi ,u^ j ) = Y,j=o F j witn u io' = 
u<, n and uw = u >m . 

Consider the j = 3 term. Using Bernstein and (|5.27(1 we estimate 

||vp< w 0(t4OII l?L 4/3 ([m ^ 
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Now consider the term corresponding to j = 2. By Bernstein and Holder, 

\\ VP < N0 ( u hi' u lo')\\ L 2 L ^ {[titevac]xRi) 

^ N2 \\ U hi' U lo'\\L^Ll([t,tevac]x^*) 

< N \\v,hi> \\Ll x ([t,t evac ] xK 4 ) \\ U hi' \\l°°L* ([t,t t „Jxl 4 ) \\uio' \\Ll x ([t,t evac ] xl") 

< W 2 fa% 3 )W 1 |l«le/|lsM[t,t.».e]xR*)- 

But since i G 0, Hwjo'llsMIt.tevaclxR 4 ) - and 

l|VP< JV 0(«L«io')|| i 2 i y3 ([titat)oe]xR 4 ) ^ 2 ^ 2 £ §ivi - 

We turn now towards the j = 1 contribution. Consider first the case when 
< cr]2. The expression || \7P<N0(iihi>uf o ,)\\ q > r ' vanishes unless one 

L t L x ([t,t evac ] xl 4 ) 

of the uio> factors has frequency > cr/2. Writing ui > = P<cr\2 u ic + P> C ti 2 u Io' and 
recalling that the projections are bounded on the space considered, we see that we 
only need to control 

||VP<Ar0(u/ li /(P >c ^ 2 U io OMio')ll L 2 L 4 /3 ([tit ^ oc]xR 4 ) - 

But P>cr) 2 u io' obeys the same L\ x estimates as Uhi', so controlling the above ex- 
pression amounts to the manipulations of case j = 2. 

Now consider the case when N > cr/2. Taking (q'l,^) = (1,2) and using Bern- 
stein we have 



\\^P<N0{uhi'uf o ,)\\ L i L 2 {[t!tevac]xRi ) 

< V2\\Uhi>Ufo,\\ L i L 2 {[t j evac]xR 4 ) 

< V2\\uhi'\\LlJ[t.t svac ]xR^\\uio'\\l3 L i2 {[t ^ vac]xR 4 ) 

^^(/?ir? 2 - 3 )5||^||| 1([tjW]xR4) 

1 _ 3 3 

^ VoVi £ V0V2 2Nl - 
We are left with the j = term. Write m; q / = u <V3 + u V3 <.< m . Any term con- 
taining at least one u <m can be controlled using the trilincar Strichartz estimates 

||VP<Ar0(uf o ,u <r ,3)|| L i L 2([ t lte „ ac ] X K 4 ) 

~ W Ul °' H|l([t,t cl , ac ] XR 4 ) W U <m HsMI^te^aclxR 4 ) 

< (CoV3 + Vo) {Cam + V0V2 2 Vi ) 

which is acceptable if we choose 773 sufficiently small. 

We can thus discard all the terms involving u <m and focus on the term 

||VP<jv0(u^ 3 <.<^ 2 )||Lii,2([ t)tet>oc ] X ]i l 4). 

Using Bernstein we estimate this as 

l|VP<iV0(w 3 3 <.< 7?2 )||LiI,2 ([tite ^ c]xK 4 ) < A r ||P<JV0«,<.<^ 2 )||LiL2([t,t„, ac ]xE 4 ) 

£ N * ll u f, 3 <-<r,2 WL\Ll' 5 ([t,t cvac ] xR 4 ) 

<7Vi|| M?)3 <.< r)2 ||3 ?L24/5([tt ^ ]><R4) . 
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But by Bernstein and the hypothesis t £ fl, we have 

J2 \\ P M U h^Ll^ 



H U ')3<-<')2ll L 3 L 24/5 ([tt(!ij(i<:])<R4) ^ ^ . L , L ,, x _ 

))3<M<?)2 



M" r3r 24 / 5 



ifir' ([*,*e»oc]Xl 



< ^ M _1 ||VPj 

r/ 3 <M<?)2 

< J] Af-i||VP atf u|| i » <(([tiW ] XI 

773 <Af<J)2 

< M_ ^ii p Mwii<j 1([tit _ c]xR4) 

rj3<M<j) 2 

< Yl M-i(C ?j3 + %r7 2 " i Mt) 

))3 <M<r]2 



< 



V0V2 



Hence, 



||VP< JV 0«^. ) r 1 r 2 cr+ t ivWi 



i V3<-<m'»L\Ll{[t,U vac ]y.n. 1 ) ^ 

This proves (|6.11|l and closes the bootstrap. 



6.3. Controlling the localized mass increment. We now have good enouj 
control over low, medium, and high frequencies to prove 1)6.8(1 . Writing 

P hl (\u\ 2 U) - \u hi \ 2 U hi = P hi (\u\ 2 U - \u hi \ 2 U hi - |u/ | 2 U/ ) + Phi(\uio\ 2 Ui ) 
- Plo(\uhi\ 2 U hi ), 

we only have to consider the terms 



(6.12) 
(6.13) 
(6.14) 



UhiPhi(\u\ u - \u hi \ u hi - \ui \ ui )dx 
UhiPhi{\uio\ 2 ui )dx 
UhiPio(\u ht \ 2 u hi )dx 



dt 
dt 
dt. 



Take ((6.12JI . We use the inequality 

\\u\ 2 u - \u h i\ 2 Uhi - \ui \ 2 ui \ < \u hl \ 2 \ui \ + \u hi \\ui \ 2 

to estimate 



(6.15) 
(6.16) 
(6.17) 



(l?TT2l < 



t» 



+ 



\PhiUhi\{\u h i\\uio\ 2 + \u hi \ 2 \ui \)dxdt 
\PhiUhi\\uhi\\uio\ 2 dxdt 
\PhiUht\\u hi \ 2 \ui \dxdt. 
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We estimate 

lEHl < \\PhiUhi\\ Ll a: ([t min ,t,]xm 4 )\\ u hi\\ Ll iIC ([t mi „,t t ]xR 4 )ll M io|lLei x ([ tmi „ >i ,]xR 4 ) 
<{r ? l(^ 00 )- 3 } l {%+% l (^ 00 ) i } 2 

We now turn towards the contribution of (|(j.!7|) . We decompose Uhi — u, J ioo < . <7j2 + 
u >V2 and estimate 

l|w>r )2 ||L^([i m „,,t„]xR 4 ) ^ {V1V2 ) 3 = 7 ?l r ?2 

and 

ll M ^ 00 <-<»?2 IUf ja ,([i mi „,t»]xE4) ~ 2^ H u Jvlli? iX ([t„,i„,t»]xR4) 

~ XI ^ r_1 H V "-iv|U» il; ([t mjn ,t.]xK*) 
?)i 00 <Ar<i72 

~ X! ^ _1 'll u JvlUl([t m<n ,t,]xR*) 
»72 00 <iV<T;2 

r)l 00 <N<-q 2 

-- 1 -1 
< T] 2 2 T)l = T] 2 . 

By Bernstein and (|1.8fl . 

ll U *°IUt?»,([tm4n,t»]xR 4 ) < % H u Jo||i?°£*([t m4 „,t„]xR 4 ) i$ 7 ?2° - 

As PhiUhi obeys the same estimates as we bound the contribution of l|t).17[) by 

\u h i\ 3 \uio\dxdt 



tmin 

3 
3=0 

<^ 3 vr«vf- 

Hence, (jo"T21) < r\\. 

We consider next (|6.13() . Because of the presence of Phi, one of the terms ui a 
must have frequency larger than crj^ or the expression vanishes. Moving Phi over 
to um, we bound by a sum of terms that look like 

ft* 

\PhiUhi\\P> cll iooui \\ui \ z dxdt. 

As P >cv iooui = P; m >c)) ioo behaves like Uhi as far as norms are concerned, this 
expression can be estimated by the procedure used to estimate Ij6.1fi|l . 

We now turn to (|6.14J) . Moving the projection Pi onto Uhi and writing Pi Uhi = 
PhiUicn we bound the contribution of I|tj.l4fl by 

/ \PhiUio\\u h i\ 3 dxdt. 

t min JR 4 
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As PhiUio behaves like ui as far as norms are concerned, H6.14JI is bounded by the 
same method as (|fi.!7|) . 

Therefore Q6.8[l holds, and this concludes the proof of Proposition lti.il 

7. The contradiction argument 

We now have all the information we need about a minimal energy blowup solution 
to conclude the contradiction argument. We know it is localized in frequency and 
concentrates in space. The Morawetz inequality provides good control on the high- 
frequency part of u in L\ x . By the arguments in the previous section we have 
excluded the last enemy by showing that the solution can't shift its energy from 
low modes to high modes causing the L\ ^-norm to blow up while the L\ x -norm 
remains bounded. Hence N(t) must remain within a bounded set [N m i ni N max ], 
where N max < C(n 3 )N mm and N mm > c(r] )\\u\\2L L2 ■ Combining all these (and 
again relying on the Morawetz inequality) we can derive the desired contradiction. 
We begin with 

Lemma 7.1. For any minimal energy blowup solution of we have 

(7-1) / Nity'dt^ C( m , m )N- 



3 

min' 
lo 



In particular, because N(t) < C{r^s,)N m i n for all t € Iq, we have 
(7.2) \Io\<C(r,i,V2,m,N min ). 
Proof. By <|5.28f) we have 

f [ \P> N ,u\ 3 dxdt< Vl N- 3 
J In Jm i 



for all < c(j)i)N m i n . Let = c(r)2)N m i n and rewrite the above estimate as 
(7-3) 



-3 
' min ' 



[ [ \P>N t u\ 3 dxdt < C(jii,ri2)N~ 
On the other hand, by Bernstein and (|1.8|) we have 

/ \P <N ,u(t)\ 3 dx < C(r ?1 )7V(t)- 4 ||P <Ar , U (<)||| oc 

J\x-x(t)\<C( m )/N(t) 

(7 - 4) < c^Nity'Nitfc^w^Mmli 

<c{ m )N{t)- 1 . 

By Ij4.17|l we also have 

\u(t)\ 3 dx > cMNity 1 . 



l\x-x{t)\<C( Vl )/N(t) 

Combining this with l|7.4|l and using the triangle inequality we find 

cim^it)- 1 < [ \P> N ,u(t,x)\ 3 dx. 
J\x-x(t)\<C(m)/N(t) 

Integrating this over 1$ and comparing with l|7.3|l proves (|7.1|) . □ 

We can now (finally!) conclude the contradiction argument. It remains to prove 
IMIl? (7 oX r 4 ) ~ C^Oj f]2, V3)j which we expect since the bound l|7.2|l shows that 
the interval / is not long enough to allow the L\ ^,-norm of u to grow too large. 
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Proposition 7.2. We have 

I|u|U8„(/oxr*) ;$ c{r] ,m,m,m)- 

Proof. We normalize N m i n — 1. Let S = S(r]o, N max ) > be a small number 
to be chosen momentarily. Partition Iq into 0{\Iq\/8) subintervals with 
\Ij\ < 5. Let tj G Ij. Since N(tj) < N max we have from Corollary 14. 41 

( 7 - 5 ) WP^cmn^MWWhi <Vo- 

Let u(t) = e llyt ' ti ^P < c(rio)N malc u{tj) be the free evolution of the low and medium 
frequencies of u(tj). The above bound becomes 

\\u(tj) -u(tj)\\ A i < T] - 

But from Bernstein, Sobolev embedding, and p. 7(1 we get 

\\u(t)\\ L e<C( m ,N max )\\ti(t 3 )\\ Lt 

< C(r ?0 ,iV max )||K(* J -)||£ri 

< c(no,N max ) 

for all t G Jj- , so 

INUf^xR 4 ) < C(?7o,iV ma2; )<5 1/6 . 

Similarly we have 

||V(|fi(t)| a u(t))|| L y.<||Vu(t)|| i j||u(t)||i 1 
<C(r? 0! iV mo:c )||G(t)||^ 
<C(r? 0! iV mo:E ) 

which shows 

\M\^ 2 u)\y tLr(I . xm < c^n^s 1 / 2 . 

From these two estimates, ((1.7(1 . and Lemma . 1 1 with e = — \u\ 2 u we see that 

if 5 is chosen small enough. Summing these bounds in j and using ((7.2(1 we get 

II u IIl?. x (/ xR 4 ) $ C(r7o,-ZV ma:c )|/o| < C(r] , 771, 772, 773). 

□ 

8. Remarks 

We first note that as a consequence of the bound 1(1.4(1 . one gets scattering, 
asymptotic completeness, and uniform regularity. Indeed, we have 

Proposition 8.1. Letuo have finite energy. Then there exist finite energy solutions 
u±(t,x) to the free Schrddinger equation (idt + A)u± = such that 

\\u ± (t)-u(t)\\^^0 

ast — > ±00. Furthermore, the maps uo 1— > u±(0) are homeomorphisms from Zf*(R ) 
to itself. Finally, if uo G H x for some s > 1, then u(t) G H x for all times t, and 
one has the uniform bounds 

Bup|l«(*)Hir- <C(E{u ),s)\\u \\ Hi . 
teR 
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Proof. We will only prove the statement for u+, since the proof for u_ follows 
similarly. Let us first construct the scattering state u+(0). For t > define v(t) = 
e~ ltA u(t). We will show that v(t) converges in H\ as t — > oo, and define u+(0) to 
be that limit. Indeed, from Duhamel's formula 1(1.11(1 we have 

(8.1) v{t)=u -i [ e- lsA (\u\ 2 u)( S )ds. 



Therefore, for < r < t, 

v(t)-v(r) = -i J e- isA (\u\ 2 u)(s)ds. 
Lemma 12.21 and Lemma \'2 . 41 yield 

\W)-v{T)\\ Hl = V tA [v(t)-v{T)]\\ Hl 

!V(|u| 2 u)|| L i L 2([r,t]xB4) 
Ml!i([r,t]xR4)IMIi?, x ([T,t]xK4)- 

However, Lemma 13 . 61 implies that is finite, while the bound l|1.4|l implies that 

for any e > there exists t e G M+ such that ([t,oo)xR 4 ) — £ whenever t > t s . 

Hence, 

\\v(t) — v(t)\\^i — * as i, t— > oo. 

In particular, this implies that u+(0) is well defined. Also, inspecting 1(8.1(1 one 
easily sees that 



< 
< 



(8.2) u+(0) = u o -i e - lsA {\u\ 2 u)(s)ds 

Jo 

and thus 

/>oo 

(8.3) u + {t) = e ltA u -i e l(t - s}A (\u\ 2 u)(s)ds. 



By the same arguments as above, ((8.3(1 and Duhamel's formula imply that 

||u+(t) — u(t)\\ ttx — ^ as t — ► oo. 

Similar estimates prove that the map uq it+(0) is continuous from iTj(K 4 ) 
to itself. To show that the map is also injective, let 1*01,1602 G H^, and let Ui,ii2 
be the corresponding solutions to 1(1.1(1 with initial data U01, uq2- Assume that 
\\e- itA u 3 {t) - u + (0)||jji -> as t -> 00 for j = 1, 2. Then, (jOJ yields 

/■CO 

(8.4) Uj (t) = u+(t) - i e l( - t - s '> A (\u : j\ 2 Uj)(s)ds 



for i > and j = 1,2. Using the Strichartz estimates of Lemma f2. 21 and Lemma 
12.41 Picard's fixed point argument forces u\(t) = u^if) for t sufficiently large. By 
the uniqueness of solutions to the Cauchy problem 1)1.1(1 we obtain Uqi — 1*02 ; which 
proves injectivity for the map uq h- » u+(0) on ij^(]R 4 ). 

We now turn towards the construction of the wave operators, i.e. for every 
u+(0) € #i(R 4 ) there exists u £ Hl(M. A ) such that ||« + (t) - u{t)\\ til ^ as 
t — > 00, and moreover the map u+(0) 1— > it from _ff 4 (R 4 ) to itself is continuous. 
For t > take u+(t) to be initial data for the equation 1(1.1(1 and solve the Cauchy 
problem backwards in time. Denote the solution at time t = by Uot- Choosing 
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t2 > t\ sufBciently large, we see that the free and the nonlinear evolutions from ti 
to t\ are within e of each other in the S 1 ([ti,t2) x K 4 )-norm. An application of 
Lemma l3~3l with e = yields lluot, — uot 2 II hi ^ which implies that Uot converges 

in Hl(R 4 ) as t — > oo. Denote the limit by u Q , and let u be the global solution to 
the Cauchy problem with initial data uq. Then at time t > we have 

u{t) = e ltA u a - i f e l(t - s)A (\u\ 2 u)(s)ds 
Jo 

= e ltA u ot + e ltA (u Q - u ot ) - * f e l{t - s)A (\u\ 2 u){s)ds 

Jo 

= u + {t)+e ltA {u -u t), 
which implies that — w(t)||^i — > as t — > oo. 

The continuity of the map m+(0) i— > uo on ij^(M 4 ) follows immediately from 
Lemma 13.31 with e = 0. 

The regularity statement follows from obvious modifications of Lemma 13.61 □ 

We now develop the tower-type bounds for M(E). To do so we must determine 
the dependence of each of the j^-'s on the previous ones. Throughout, we will let 
c and C represent small and large constants, possibly depending on the energy. 
To begin, we need 770 to be small relative to the energy. Specifically, we choose 
Vo < cE~ c , so that when we remove the low- and high-frequency portions of the 
solution (whose norms are bounded by c?]q) the majority of the energy remains. 

Recall that the dependence of Lemma l3.3l is exponential in its parameters. That 
is, if E, E' , and M represent the various bounds in the statement of the lemma, 
we need to choose e\ < exp(—M c (E) c (E') c ). When we apply this lemma in the 
proof of Proposition 14. II the parameters are 

E' =e 

M =r]-°M(E crit -r! c ) c 

E = V - C M(E crU - rf f 

ei >7 1 - c M(E crit -Ti c fe 1/2 , 

where the rf c M(E cr it—rj ) factors arise from an application of Lemma ll.2l carlicr 
in the proof. Thus, we need to choose 

V - c M(E crlt - V c fe 1/2 < ex P (-r,- c M(E mt - iff \e) c ), 

or equivalently 

e E ~° < eM~C V - c M(E crlt - r, c f). 

Also, in order to make the pigeonhole argument work (still in the proof of Propo- 
sition we need the frequency separation to be 

K(V) > £~ £ ~ 2 > CexpiC^MiEcru - ^ f ). 

As a result, the dependence of the constants C{j]) and c(rj) in Corollary 14. 41 is quite 
bad: 

C( V ) > Cvq>{CT]- C M{E erit - r, c f) 
c(v) < l/C( V ). 
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This motivates introducing the notation t[rj) for any term of the form 

ce^(-Cri~ c M{E cnt - ff). 

Now, the constant c(rj ) appearing in the proof of Proposition 14 . 51 needs to be of 
the form c(ryo) = t(vo), due to the use of Corollarv l4.4l So in order to apply Lemma 
13.31 (later in the same proof) we need to choose 771 < £(0(770)) = t(t(rjo)). 

The constant 0(771) appearing in Proposition l5.1l is roughly of size t(rji). In order 
to apply this proposition in Section 6, we therefore must choose 772 < t(rji). 

We need to choose 773 smaller than any polynomial in 7/2 appearing in the proof 
of Proposition 16.11 For instance, 773 < exp(— 77^ ) suffices; given the final bound 
we obtain, this makes 772 and 773 virtually equivalent. 

We also see from the proof of Proposition ^. II that N max < 1 / 1 (773) . Proposition 
17.21 then implies the desired contradiction, provided we choose 774 < £(773). 

Putting this all together we find a final bound of the form 

(8.5) M{E) < l/t(t(t(E- c ))). 

To properly simplify this expression requires some notation (the Ackerman hier- 
archy). Recall that multiplication is iterated addition 

axb = a+ -- - + a 
with b factors on the right, and exponentiation is iterated multiplication 

a I i = a x ■ ■ • x a. 

We define tower exponentiation as iterated exponentiation: 

a |t b := a j (a f ... (a f a) ... ) 

with b arrows on the right. Similarly, double tower exponentiation is iterated tower 
exponentiation 

a TTT 6 := a TT (a TT . • . (a TT a) . . . ), 
and triple tower exponentiation is iterated double tower exponentiation, etc. 
Now, we can essentially expand (|8.5[) as 

(8.6) M(E) < exp(M(E - t(t(E- c )))). 
Iterating l|8.6f) approximately l/t(t(E~ c )) times, we obtain 

M{E) < C TT l/t(t(E- c )). 

We again expand this as 

M{E) < C TT exp(M(£ - t{E- c ))), 
and iterating it we obtain 

M(E) < C TTT i/t(E- c ). 
Repeating this process one more time we get the final bound 

M(E) < c TTTT ce c . 

This tower bound is a far cry from the exponential bound obtained in |23j , though 
better than that obtained in [TT], which is of the form M(E) < C TTTTTTTT CE C . 
It is plausible that one could obtain a polynomial bound in the energy-critical case, 
but to do so would require abandoning the inductive approach used in this paper. 
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